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ABSTRACT. We propose a certain functional which is associated with principal
eigenfunctions of the elliptic operator Ly = —div(a(z)V) + AV - V + c(z)
and its adjoint operator for general incompressible flow V. The functional
can be applied to establish the monotonicity of the principal eigenvalue A1 (A),
as a function of the advection amplitude A, for the operator L4 subject to
Dirichlet, Robin and Neumann boundary conditions. This gives a new proof of
a conjecture raised by Berestycki, Hamel and Nadirashvili [5]. The functional
can also be used to prove the monotonicity of the normalized speed ¢*(A)/A
for general incompressible flow, where c*(A) is the minimal speed of traveling
fronts. This extends an earlier result of Berestycki [3] for steady shear flow.

1. Introduction. There have been extensive studies on the reaction-diffusion equa-
tions of the form

wy = div(a(z)Vw) — AV - Vw + wf(x,w), (1)

which model various physical, chemical, and biological processes: On unbounded
domains [17, 44], compact manifolds [10], and bounded domains with appropriate
boundary conditions [1, 5, 7, 34]. Function w represents the density of a population
or a substance diffusing with diffusion matrix a(z), reacting through the nonlinearity
wf, and advected by the stationary fluid flow V in heterogeneous media.

Let © be a bounded region of RY with smooth boundary 92, and n(x) be the
outward unit normal vector at x € 0. Consider equation (1) defined on © and
suppose that w satisfies bw+ (1 —b)[a(x)Vw]-n = 0 on 9N with parameter b € [0, 1].
The stability of steady state w = 0 and the minimal speed ¢*(A) of traveling fronts
for equation (1) are associated with the principal eigenvalue, denoted as A1(A), for
the linear eigenvalue problem

Lu = —div(a(z)Vu) + AV - Vu + c(z)u = A\ (A)uy,

subject to appropriate boundary conditions, where c¢(z) = —f(x, 0).
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Of particular interest is the dependence of the principal eigenvalue A1 (A) and the
minimal speed ¢*(A) on the advection amplitude A. Let us focus on the case where
vector field V is divergence free, i.e., divV = 0 in , while the case of gradient
flow V = Vm for some m € C?(Q) has been investigated by Chen and Lou in [8]
and [9]. The purpose of this paper is to introduce a certain functional to prove the
monotonicity of A (A) and ¢*(A)/A with respect to A.

Set LY = —div(a(z)V) — AV -V + ¢(z) as the adjoint operator of L4. By
ua,v4 we further denote the principal eigenfunctions corresponding to L4 and
L% with appropriate boundary conditions, respectively, which are normalized by
fQ uidx = fQ uavadz = 1. In terms of operator L4 and u 4, v4, we now introduce

functional J4 by
L
Ja(w) = / UAVA <Aw> dz, (2)
0 w

which is defined on some cone S. Such a functional turns out to be new, which is
different from the general relative entropy introduced in [30]. A direct observation
from the definition of functional J4 leads to Ja(ua) = A1(A) and a far less obvious
result (see Lemma 2.2) says that functional J4 attains its maximum at the prin-
cipal eigenfunction u4 and its scalar multiples. This is crucial in the proof of the
monotonicity of A;(A) and ¢*(A)/A and it also allows us to explore a new min-max
characterization of A (A4).

1.1. Monotonicity and boundedness of A\;(A). Firstly, we focus on the follow-
ing eigenvalue problem subject to general boundary conditions:

Lau = —div(a(z)Vu) + AV - Vu + c(z)u = M (A)u  in Q,
{bu + (1 =b)a(z)Vu] -n=0 on 9Q. (3)

Assume that ¢ € C*(Q) and the diffusion matrix a(z) is symmetric and uniformly
elliptic C1®(Q) matrix field satisfying

30 <71 < 72, such that 1]¢]? < Ta(z)E < 7€), Vo € Q,VE € RY,

for some constant a € (0,1). Furthermore, we always assume that the vector field
V € CY(Q) satisfying divV = 0 in Q, whereas an additional assumption stating that
V -n =0 on 02 is assumed for the case of 0 < b < 1. Under these assumptions the
Krein-Rutman Theorem guarantees the existence of the principal eigenvalue A\;(A)
and it can be easily shown that A;(A) is symmetric in A. Therefore, throughout
this paper we shall assume A > 0.

For such flow V, Berestycki et al. investigated in [5] the asymptotic behavior of
A1(A) as A approaches infinity, and they identified a direct link between the limit
of A\1(A4) and the first integral set of V, defined as

{pe HY(N):¢p#0,V-Vp=0ae inQ}, 0<b<1,
T e e HEQ) 9 £0,V - Vo =0ae inQ}, b=1.
More precisely, Berestycki et al. showed in [5] that for the operator L defined on
Q with Dirichlet (b = 1) or Neumann (b = 0) boundary conditions, A;(A) stays

bounded as A — +oo if and only if Z; # 0 or Zy # 0, respectively. Furthermore,
they proved that for any A > 0,

Vw - Vwld 2d
AMO0) <A (A) < lim A(A) = inf Jo Vo [0(@)Vw]dz + Jg (@) dr
A5 Yoo weTy or Ty fQ w?dx

(4)



A FUNCTIONAL APPROACH 3717

That is, A;(A) attains its minimum at A = 0 and its maximum at A = co. As
mentioned in [5], A1(A) is a nondecreasing function of |A| if V is an incompressible
gradient flow. One of the goals of this paper is to give a new proof of the following
result.

Theorem 1.1. Let divV = 0 in Q and additionally V-n =0 on 02 for 0 <b < 1.
Then A (A) is non-decreasing for A > 0. Furthermore,

(i) If up € Iy, then %ﬁ} (A) > 0 for every A > 0;

(ii) If up € Iy, then A1(A) = A1(0) for every A > 0.

Here uq is the principal eigenfunction of Lo satisfying
—div(a(z)Vug) + c(z)up = A1 (0)ug in £,

up >0 in £,
bug + (1 — b)[a(z)Vug] -n=0 on 0.

The proof of Theorem 1.1 was first given by Godoy et al. [19] via a variant of the
min-max formula derived in [18] for principal eigenvalues. Our proof relies heavily
on properties of functional J4 defined in (2) by identifying the definition cone S as

{oeC?*()NCHQ) : ¢ >0in Q, by + (1 —b)[a(z)Vy] - n =0 on 9N},
for0<b< 1,

{peC*()NCHQ):9p>0inQ, ¢ =00n 9N, Ve-n<0on N},
for b= 1.

Sy =

Our proof avoids the min-max formula of principal eigenvalues for non-symmetric
operators and gives an explicit expression for the derivatives of A1(A).

Theorem 1.1 implies that the strict monotonicity of A;(A) with respect to the
advection amplitude A relies on wug, the principal eigenfunction of operator Ly.
Interpreting this in the context of convection-enhanced diffusion, Theorem 1.1 sug-
gests that larger advection amplitude generally produces faster mixing for reaction-
diffusion-advection equation (1) as long as up ¢ Z,. In this sense, Theorem 1.1
seems to refine the well-known statement that mixing by an incompressible flow
enhances diffusion in various contexts [10, 17, 20, 21, 26, 27, 40, 44].

Our next result, as a corollary of Theorem 1.1, provides the boundedness and
asymptotic behavior of A;(A) for Robin boundary conditions, consistent with the
main result in [5] for Neumann boundary conditions.

Theorem 1.2. If0 < b < 1, the limit lima_, oo A1 (A) always exists, is finite and
satisfies

lim A;(A) < inf % faQ w2dS; + fQ Vw - [a(z)Vw]dz + fQ co(z)wdz
A—+oco 1 - weZy fQ dex .

In particular, the principal eigenvalue A1(A) of (3) with 0 < b < 1, is uniformly
bounded.

The proof of the boundedness for A;(A) in Theorem 1.2 is essentially due to
Berestycki et al. [5]. Nevertheless, the existence of the limit limg_,o, A1(A) for
Robin boundary conditions appears to be new.
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1.2. A new min-max characterization of \;(A). The characterization of the
principal eigenvalue has always been an interesting and active topic, and we refer
to Donsker and Varadhan, Nussbaum and Pinchover for some earlier works [13, 15,
37]. Employing the maximum principle, Protter and Weinberger [38] established a
classical characterization of the principal eigenvalue A\;(A) given by the min-max
formula

A1(A) = sup inf {LAw(x)} . (5)
weSy zeN W(QT)

This characterization is valid for general elliptic operators in both bounded and

unbounded domains [37, 38]. As a byproduct of properties of functional Jy, we

have the following characterization for A;(A):

Theorem 1.3. The principal eigenvalue A (A) of problem (3), with divV = 0 in
Q and additionally V-n =0 on 09 for 0 < b < 1, can be characterized as

A (A) = inf sup /Q p*(z) <sz) da. (6)

peL? (Q)vfgz p?=1 wESy

This min-max formula may not be valid for general second elliptic operators, and
it reduces to the classical Rayleigh-Ritz formula when V = 0, by treating p?dz as
some probability measure; See Remark 2 for details. Different from formula (5), the
min-max characterization in Theorem 1.3 relies on the properties of functional J 4.
They however may be connected via a min-max theorem in [39]. Via functional J4
we observe that the min-max formula attains the extremum when p? = u4v4.

1.3. Monotonicity of ¢*(A)/A. Another application of functional J4 is concerned
with the minimal speed ¢*(A) of traveling fronts for equation (1) with Neumann
boundary condition (b = 0). As in [4, 6, 40], we here consider the general periodic
setting described in Subsection 5.1. One interesting question is the dependence of
the minimal speed ¢*(A) on amplitude A.

From the physical point of view, the presence of incompressible flow V in equation
(1) generally improves mixing [22, 23, 40] and is thus expected to enhance c¢*(A).
Difficulties however may arise because of the interplay between the stream lines
of general incompressible flow V; See [29, 40]. Some results focused on the case
where V = (a(y),0,...,0), so-called shear flow in a straight cylinder. Examples
are known for which the minimal speed ¢*(A) is asymptotically linear with respect
to A in the sense of ¢*(A)/A — p > 0 as A — +o0 [3, 22, 23], while ¢*(4)/A — 0
could happen in general incompressible flow. We refer to [44] for the precise limit
as A — 4o00. Furthermore, c*(A) is increasing in A, ¢*(A)/A is decreasing in A for
shear flow [3, 33]. The monotonicity of ¢*(A) and ¢*(A)/A however remain open
for general incompressible flow V; See Remark 1.9 in [6] and Remark 1.6 in [22] for
details. By functional J4, we can prove the monotonicity of ¢*(A)/A for general
incompressible flow.

Theorem 1.4. Suppose divV = 0 in Q and additionally V -n =0 on 0). Then
c*(A)/A is strictly decreasing in amplitude A > 0.

Theorem 1.4 extends the result proved by Berestycki [3] and Nadin [33] for shear
flow. For shear flow, we can write L 4 as a symmetric operator by some manipula-
tions. Theorem 1.4 henceforth can be proved by the Rayleigh-Ritz formula of the
principal eigenvalues. However, this technique does not appear to work for general
incompressible flow V. Heinze introduced in [23] an interesting change of variables
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to prove the monotonicity of ¢*(A)/A. Such change of variables then was applied by
Nadin [32] to give a new characterization of principal eigenvalue for a nonsymmetric
operator. Different from Heinze’s argument, our proof of Theorem 1.4 relies heavily
on functional J, defined by (2), which allows us to obtain an explicit expression
(32) for the derivatives of ¢*(A)/A. Unlike the framework of bounded domain, some
modifications for the definition cone S are required for the periodic setting here.
The rest of this paper is organized as follows: In Section 2, we shall give some
properties of functional J4 on bounded domain. Section 3 is devoted to the proof of
Theorems 1.1 and 1.2. In Section 4 we establish the new min-max characterization
of A\1(A). We then use functional J4 to prove the monotonicity of ¢*(A4)/A in
Sections 5 and 6 under the general periodic setting. Finally, the implications of our
method/results and some open questions will be discussed in Section 7.

2. Functional J4 on bounded domain. We shall present some properties of
functional J4 defined by (2) on S, in this section. Before proceeding further, we
point out again that throughout this paper, us and v4 normalized by [, u3dz =
fQ uavadz = 1 are the principal eigenfunctions corresponding to L4 and L%, re-
spectively, with general boundary conditions. Precisely, us > 0 in  satisfies (3)
and vy4 satisfies

Ljva = —div(a(x)Vva) — AV - Vua + c(x)va = A (A)va  in Q,

va >0 in €,

bva + (1 —b)[a(z)Vva] -n=0 on 90.

Due to the slight difference between the definitions of functional J4 in the cases of
0<b<1andb=1, we divide this section into two subsections.

2.1. Neumann and Robin boundary conditions: 0 < b < 1. Recalling the
regularity requirements of coefficients ¢, V and matrix field a(z), Sobolev embedding
theorem implies that ua,va € C*¥(Q) and ua,va € Sy for 0 < b < 1. We
emphasize here that the constant b is confined to 0 < b < 1 unless otherwise
specified, and the incompressible flow V satisfies divV =0 in Q with V-n =0 on
0N in this subsection. We now recall the functional associated to operator L, with
Neumann or Robin boundary conditions, defined on S, as in Section 1,

JA(w):/uAvA <L,4w> dz, weES,.
Q w

Define S;, := {cp € C*(Q)NCHRQ) : bp + (1 —b) [a(x)V¢] -n = 0 on 6(2}. By

definition of J4, we show that principal eigenfunction u4 is a critical point of Jy.
Lemma 2.1. J/(ua)p =0 for all ¢ € Sy.

Proof. For any ¢ € Sy, the Fréchet derivation J/(w) can be written as
L L
Ja(w)p = / UAVA <M .4 Aw) dz.
Q w

In view of ¢ € S, direct calculation gives

L L
Jh(ua)p = / UAVA (M — W) dx
Q uA Wy
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= / VA (LAcp - )q(A)ga)dx
Q

:/@L*AvAdxf)\l(A)/vAcpd:c
Q Q
0,

which completes the proof of Lemma 2.1. O

Next we establish a crucial property of functional J4.

Proposition 2.2. For any w € Sy, the following formula holds:

Ja(ua) = Ja(w) + /Q UAvA { {V log <:4)] : [a(m)V]og (:Aﬂ } da.

Proof. First, for any w € Sy, a simple but useful observation leads to

JA(w)

:—/uAvA {dlv(a(a:)Vw)} dx+A/ UAVA {V-Vw] dx—|—/uAvAcdx
Q w Q w Q

=— /aQ UAVA [a(m)Vlogw} -ndS, +/QV (uAUA> : [a(w)Vw]dx

w
+A/uAvAV~V10gwdx—|—/uAvAcdx
Q Q
:—/ uAvA[a(x)Vlogw} ~ndSz—/uAvA{(Vlogw)-[a(x)Vlogw] }dx
90 Q
—|—/ [AuAUAV—i—a(x)V(uAvA)} -Vlogwdx+/uAvAcdx.
Q Q

Using equality (7), the Fréchet derivation J/(u4) can be rewritten as

Ja(ua)e

:—/BQuAvA [a(m)v (;iﬂ ‘ndS;

Jr/Q [AuA’UAV + a(x)V(UA”UA)} -V (;Z) dz

_ Q/QUAUA {(VloguA) - [a(x)v (i)] } dz,
for all p € S;.

To prove Proposition 2.2, some elementary but a bit tedious manipulations are
needed. Together with equality (7), direct calculation yields

JA(’LLA) — JA((JJ)

:/69 wAVA [a(m)V]og (“’)] -nds, +/QuAUA{(Vlogw) [a(z)V logw] }dx

uA

(8)

_ /QuAUA{(V logua) - [a(xz)V1ogua) }dx

_ /Q [AuAvAV + a@c)V(“A”A)} ' Viog <w> o
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:/m wavA {a(a:)Vlog (1‘;)] ‘ndS,
+ /QuAvA { [V log (UAW)} : [G(ZU)VIOg (L:)] } dz

_/Q [AuAvAVM(x)V(uAUA)] Vg (:;) b

:/QuAvA { [v log (:4) da:+2V10guA] : [a(x)Vlog (;‘;ﬂ } dz

+ /BQ wava {a(m)VIog (1:)] ‘nds,

_ /Q [AUAUAV + a(l‘)v(“f‘“*‘)} Vo (12} o

z/QuAvA{[Vlog (;‘;)] : [a(w)V]og (;’;)de
+/m uAvA {a(x)Vlog (1:)] ‘nds,

+2/QUAvA {(VloguA)~ {a(x)Vlog (&)”dx

- /Q [AUAUAV + a(m)V(uAUA)} - Vlog (:;) dz,

where we have used the symmetry of matrix field a(x) and the boundary conditions

of w and uwy. By straightforward calculations we have uy4 log (ﬁ) e Sy for any

w € Sy. Choosing ¢ = u4 log (ﬁ) in equality (8), by Lemma 2.1 we have

Ta(ua) — Ja(w) = /QuAvA { [Vlog (:;)] : [a(:c)Vlog (:4)] } dz — Ty (ua)p
= /QuAvA { {Vlog (;)] : [a(x)Vlog (:;)]}dx

The assertion of Proposition 2.2 thus follows. O
The following result is an immediate consequence of Proposition 2.2.

Corollary 2.3.

/ valauadz — / ualavadz = / UAVA { {V log (U—A)] . [a(x)Vlog (v—A>] } dx.
Q Q Q uA uA

Proof. A simple observation leads to

L
/UALA’UAdx:/’U,A’UA( AUA)dl‘:JA(UA),
Q 9! VA

and analogously fQ vaLlauade = Ja(ua). Hence Corollary 2.3 follows from Propo-
sition 2.2. O

2.2. Dirichlet boundary conditions: b = 1. The case of Dirichlet boundary
conditions is slightly different from the Neumann or Robin boundary conditions, as
noted in [5]. It is perhaps worth pointing out that in this case, the functional Jy4
shall be defined on S; and the extra assumption V -n = 0 on 0f is not needed
for further discussions. Hopf Boundary Lemma implies that Vus - n < 0 and
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Vuan < 0ond, and thus ua,va € Sy so that Ja(ua) and J4(va) are well defined.
Moreover, the adjoint operator of L 4 subject to Dirichlet boundary conditions can
be written as L% = —div(a(z)V) — AV - V + ¢(z) without V -n = 0 on 99, due
to ua = 0 on Q. Thanks to Vw -n < 0 on JQ, we have 424 = 0 on 9f) to get
Joq wavaa(z)Viogw] - ndS, = 0 in equality (7).

With the same argument as in the Neumann or Robin boundary conditions,
Lemma 2.1 also holds true in this case, i.e., J4(ua)p = 0 for all ¢ € S1. Based
on this fact, the formula in Proposition 2.2 remains true. As the proof is similar,
thus it is omitted. Therefore, the properties of functional .J4 listed in subsection
2.1 hold for all 0 < b < 1.

3. Monotonicity and boundedness of A\;(A). Our goal of this section is to show
Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Firstly, if ug € Zy, then for every A > 0, ug satisfies
—div(a(x)Vug) + AV - Vug + c(z)ug = A1 (0)ug  in €,
ug >0 in €,
bug + (1 = b)[a(z)Vug] -n=0 on 0.

Hence, A1(A4) = A\1(0) for all A > 0. This proves part (i).
For the proof of part (i), we assume that ug ¢ Z. Differentiate equation (3)

with respect to A and denote %‘—A“ = u/, for the sake of brevity, we obtain
—div [a(a:)Vu;;] + AV -Vus + V- Vua + c(z)uy = %(A)UA + A1 (A)uly in Q,

buy + (1 — b)[a(z)Vu's] -1 =0 on 99, / wpuadz = 0.
Q
)
Multiply (9) by va and integrate the result in €2, together with the definition of v 4
we have

O\
_— A = . . 1
L) /QUAV Vuada (10)
Observe that ug = vg for A = 0. This leads to
O

1
ZZ(0)== | V-Vuider =0.
aA(O) 2/Q Vuidz =0

Here we used that V is divergence free together with V.n=00n 0Q for 0 <b < 1
and ug = 0 on 92 for b = 1.

Claim. For each A >0, %(A) >0, and either %(A) >0, or A\ (4) = A1(0).

To establish this assertion, recall the definition of L4 and L7 to rewrite equality
(10) as

o\ 1 N 1
67(14) = ﬂ/QUA(LA — LA)uAdx = ﬂ [/Q UALAuAdx - /Q’LLALA’UAdIE] .

A direct application of Corollary 2.3 and positive definiteness of a(x) yields

-4 fu[roe ()] s ()] Jr=e

and 2% (A) = 0 if and only if us = cva for some ¢ > 0. By [,u% = 1 and
fQ upsvg = 1, we see that ¢ = 1 and ug = v4. Furthermore, if uq = va, thus
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Lyua = LYuag = M (A)uy and hence V - Vuy = 0, which further implies that
—div(a(x)Vua) + c(z)ug = M (A)ug  in Q,
us >0 in Q,
bua + (1 —b)a(x)Vua] -m=0 on 9N.

Hence, A1 (A) = A1(0). The Claim is proved.

Before proceeding further to show %ﬁ‘ql (A) > 0 for all A > 0, let us calculate
%22; (0) firstly. Differentiate equation (9) with respect to A again, and applying the

. 2 . .
notation %XZA = v} for brevity arrives at

— div [a(:c)Vuﬂ + AV - Vu'y + 2V - Vi!y + c(z)u’}y
X\ o\ . 11
= S (ua+ 2 (Al + M(A)h i ©, (11)
bu'y + (1 —b)a(zx)Vu/y] -n=0 on 9.
Setting A = 0 in (11) and multiplying it by wo and integrating the result in €, it
follows from 22L(0) = 0 that
0%\
0A2
On the other hand, multiplying equation (9) by u{, and setting A = 0, we have

b
7/ (up)?dS, +/ Vg, - [a(a:)Vug]dx—/ro-Vugdm—l—/ c(x)(ug)?dx
1= Jo Q Q

Q
— 2 (0) /Q (uh)2dz,

which in turn implies that

1O b [ s +/ V) - [a(a:)vu’]dz+/ o(x)(up)*dz
2 DA? 1—b Jog ° o ’ ¢ 0

—)\1(0)/Q(u6)2dx.

We are now in a position to prove Theorem 1.1. According to the above Claim,

it suffices to prove that A\;(A4) > A1(0) for every A > 0. If A\;(A) = A1(0) for some
A >0, since 2L(A) >0, A1(A) = A1(0) for A € [0, A]. Thus 224(0) = 0. By (12)
we have

0) = 2/ upV - Vugdz.
Q

(12)

1%17 faﬂ(u’o)Qde + Jo Vg - la(z)Vugldz + [ e(2)(up)®de

Jo (uf)?dz ’
so the variational argument of principal eigenvalue A;(0) implies that uy = cug
for some constant c. Setting A = 0 and then substituting equality uj = cug into
equation (9), we can conclude that V- Vug = 0 in , which is a contradiction. This

completes the proof. O
We now proceed to prove Theorem 1.2.

A1(0) =

Proof of Theorem 1.2. It suffices to establish the following result:
Claim. Assume that I, # (. Then \1(A) is uniformly bounded and
< inf 125 Joo W dSs + [ Vw - a(2)Vwldz + [, c()wde

= 2 b
WET, fQ w2dzx

A1(A) YA > 0.



3724 SHUANG LIU AND YUAN LOU

The idea of the proof for the Claim comes from Theorem 2.2 in [5] and we shall
sketch the proof for the sake of completeness. Note that uy > 0 in Q by Hopf
Boundary Lemma for case of 0 < b < 1. Choose any function w € Z;, and multiply
the equation of ua by %, then integration by parts implies that

2
b w?dS, +/ \Y <w) . [a(x)VuA] d:UJrA/ WV - Vloguadz
L= Jao o \ua 0 (13)

+/ cw2dx:)\1(A)/w2dw.
Q Q

An interesting observation, in analogy with the proof of Theorem 2.2 in [5], gives

2
/w2v.v1oguA da = 0 and / v (“’) : [a(z)VuA] da < / Ve - [a(z)Vew]dz,
Q Q ua Q

which leads to the Claim by combining equality (13) and Z; # 0.

It turns out that Z # () always holds for 0 < b < 1, since it at least follows
that ¢ € Z, for any constant ¢. Together with the above Claim, the monotonicity
of A\1(A) in Theorem 1.1 readily implies that the limit lim4_,o, A1(A) always exists
and is finite. The proof of Theorem 1.2 is complete. O

Remark 1. (Necessity of the assumption V -n = 0 on 99Q): We now remark that
the additional assumption V - n = 0 on 9§ is necessary for 0 < b < 1, while not
necessary for b = 1, corresponding to zero Dirichlet boundary condition.

e For b =1, zero Dirichlet boundary condition implies u4 = v4 = 0 on 9f) and
the adjoint operator of L4 can be written as L = —div(a(z)V) — AV -V +
¢(z) without the additional assumption, whence Theorem 1.1 remains true as
the properties of J4 in Section 2 hold without this assumption as stated in
subsection 2.2.

e For 0 < b < 1, Theorem 1.1 may fail without the assumption V-n = 0 on 9f2.
Consider the same example as in Remark 2.5 of [5],

— P+ AQ +c(x)pa = M (A)pa, 0 <z <1,
©a(0) = ¢4 (1) = 0.

Here we consider the special case where b = 0 and the incompressible flow
V = 1 does not satisfy the assumption V-n = 0 at z = 0,1. Chen and
Lou’s result in [8] implies limg_,400 A1(A4) = ¢(0) by treating V = —V(—x).
Assume further that ¢/(z) > 0 and ¢(z) # constant. If Theorem 1.1 holds,
since A1(0) > mingepo,1) ¢(z) = ¢(0), we have A\;(A) = ¢(0), and thus ¢ = 0
according to part (ii) in Theorem 1.1, which contradicts to ¢(z) # constant.

4. Min-Max characterization of A\;(A). In this section we focus on a new min-
max characterization of A;(A) for elliptic operator L4 with incompressible flow
and general boundary conditions. To state our main result, some preparations are
needed. In this connection, in view of the classical min-max characterization of
principal eigenvalue [38]:

L [Law(@)] . Law(x)
M (4) = sup ;gg{ (@) ];gsii‘ég[ w (@)

together with the facts

inf /pQ(x) (W) dz = inf {LAW(QC)} ,
peL?(Q), [ p?=1Jq w €N w(m)
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L L
sup /pz(x) (Aw> dz = sup { Aw(x)} ,
pEL?(Q), [, p2=170 w zeq | w(x)

it is straightforward to derive the following min-max characterization of A;(A):

. LAUJ
A (A) = su inf / 2(x <) do
1( ) ngb pEL2(Q)1fQ p2=1 Qp ( ) w

L
inf sup / p?(z) <Aw) dz.
wESy p€L2(Q),fQ p2=1.J0Q w

However, the min-max characterization in Theorem 1.3 is somewhat different.
The following result is the key of the proof of Theorem 1.3:

(14)

Lemma 4.1.
sup Ja(w) = Ja(ua) = A (A).

wESp
Furthermore, if Ja(wo) = sup,es, Ja(w) for some wo € Sy, then wy = cua for some
constant ¢ > 0.

Lemma 4.1 is a direct consequence of Proposition 2.2 by recalling the positive
definiteness of a(x). With the help of Lemma 4.1, Theorem 1.3 can be proved in a
straightforward manner.

Proof of Theorem 1.3. We first choose p? = uav4 and apply Lemma 4.1 to deduce

L L
M (4) = sup / UAvA (Aw> de > inf sup / p* () <Aw) dz.
weSy JQ w PEL?(Q). [o p*=1weS, JO w

On the other hand, for any p € L*(Q) satisfying [, p*> = 1, it is easy to see that

i e (22)a < (1)

which implies that

MA) < if s /Q 2(x) (sz) dz.

T peL(Q),[op*=1weS,

Hence equality (6) holds. The proof of Theorem 1.3 is now complete. O

Remark 2. (Reduce to the classical Rayleigh-Ritz formula) The classical Rayleigh-
Ritz formula is actually implicity contained in the min-max formula in Theorem 1.3
if L4 is self-adjoint, i.e., V.= 0 or A = 0. It can be deduced from an important
result in [14]. More specifically, viewing p = p?(x)dz in (6) as a positive measure
satisfying the mild assumption g < A for the Borel measure A and noting that
3—‘; = p?(z), Theorem 5 in [14] leads to

Eggh[)pz(x) (Liw> dx:/ﬂp(x)LAp(w) de,

which reduces the formula in Theorem 1.3 to the classical Rayleigh-Ritz formula.

5. Functional J4 on unbounded periodic domain. We now turn to refine
functional J4 defined in (2) for unbounded periodic domain by identifying the def-
inition cone S. Different from S; in Section 2 for bounded domain, some modifica-

tions are required. To this end, we first present general periodic setting considered
in [4, 6, 40].
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5.1. The general periodic setting. We consider equation (1) in the form of
wy = div(a(z)Vw) + AV - Vw + f(z,w) in Q x (0,00),
[a(z)Vw] -n=0 on 90 x (0,00).

Let N > 1 be the space dimension and d be an integer satisfying 1 < d < N. Write
z = (21,...,24) and y = (Yg+1,--.,yn) so that for all z = (z,y) € Q, |y| < R for
some R > 0. Set = Qx x Qy with some bounded domain Qy c RN¥~4, And Q
is further assumed to be periodic with respect to x variables in the following sense:
there exists L = (Ly, Lo, ..., Lq) such that
d
(k1 ko, .. ka) € LZ X Lo X -+ X LyZ, Q=Q+ > kie;,
i=1

where {e;}1<;<n is the canonical basis of RY. Denote the periodicity cell of by

d
C= {(x,y) eg:xe]'[(o,z;i)}.

i=1
This framework includes several types of simple geometrical configurations: the
whole space R corresponding to d = N in [4, 43], the infinite cylinders to d = 1
in [3, 23], and the infinite slabs to 1 < d < N.
For the coefficients of equation (1) with z = (x,y), we assume that the diffusion
matrix a is symmetric and uniformly elliptic C1*(Q) matrix field satisfying

a(x,y) is L—periodic with respect to x;
30 <71 <72, such that y1[¢]? < ¢Ta(z,y)€ < lé]?, V(z,y) € Q,VE € RV,

Also, the vector field V € C'(Q) is assumed to satisfy
V is L—periodic with respect to z;

divV =0 in ;
V-n=0 on 99

Vlgz‘gd,/Vi:O,
C

which means the underlying flow V is tangent to 02 and the first d components
have been normalized as in [3, 4, 6, 22, 40]. Finally, the reaction wf(z,w) in (1) is
the KPP nonlinearity satisfying the conventional condition described, for example,
n (1.5) of [6] or (2.4) of [40].

Under the above framework, of particular interest is the minimal speed of the
traveling fronts. For the case of A # 0, i.e., in the presence of incompressible flow
V, Berestycki et al. [4, 6] established a variational formula for the minimal speed
c*(A) in any direction e € R%:

—H (A7 /\)

¢'(4) =min ——=——, (15)

where p1 (A, A\) is the principal eigenvalue of the operator
Law = —div[aVw] + X {div[eéw] + € - [aVw]} + AV - Vw
+ [-A\%& - [a€] — ANV -8+ ] w



A FUNCTIONAL APPROACH 3727

acting on the set
Ey ={w e C*) : w is L—periodic in z and a[Vw — Aew] - n =0 on 90}

with ¢ = —f(2,0) and & = (eT,0)T € RN. The existence of (A, \) is guaranteed
by the Krein-Rutman Theorem with corresponding positive eigenfunction w4. It
was shown in Proposition 4.2 of [35] that the minimum in (15) can be attained
uniquely at some A = A*(A) € (0, +00) for any given A > 0 such that

_ —m(A N (A)

A

To proceed further, set uy = e % wy. Then uy > 0 satisfies

Ljuy := —div[aVuy] + AV - Vuy + cug = p1 (A, Nug  in
[aVua]-n=0 on 09, (17)
ua(0,y) = e’\e'LuA(L,y) and Vua(0,y) = eAe'LVuA(L,y) in Qy.

Similarly, let v4 be a positive eigenfunction associated with the eigenvalue p (A, )
of the adjoint problem of (17), namely,

Liva := —div[aVua] — AV - Vo + cvg = p1(A, Nva  in Q,
[aVva] -n=0 on 09, (18)
va(0,y) = e **Lus(L,y) and Vua(0,9) = e 2LV (L,y) in Qy.

We further normalize uy and v4 without loss of generality such that fc u?4 =
fC ugva = 1.

5.2. Functional J4 on the periodic setting. As a crucial step in the proof of
Theorem 1.4, we first introduce the functional on the periodic setting in this section.
Define set S = {p € C1(Q) : [aVy] -n =0 on 0} with S° ={p €S: ¢ > 0in O},
and further write

SQQH ={pe S: e*®?p is L—periodic with respect to x},

SA,_ ={peS:e %y is L—periodic with respect to z}.

per—

We then identify S =S° N (S),,, US,,,_), i.e., define functional J4 on periodicity
cell C by

L
Ja(w) = / UAvA <A°"> , wESY N (S)ery USper ) (19)
C

W

We show a crucial property of Ja, which is different from Proposition 2.2.

A

per—7

[ wava { [Vlog (:i\)} : [aVlog (;‘;ﬂ } - 2)\%. (20)

Proposition 5.1. For allw € S the following formula holds:

Ta(ua) — Jaw) :/
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Proof. As in (7), we begin with rewriting functional J4 as

Ja(w) = —/UAUA [dlvtljvw)} +A/UAUA [V ;}Vw} +/uAvAc
c c c

d
(L,y)
=— E {uava (aVlogw),} ! dy + / \% (uAUA) - [aVw]
i—1 /v (0,y) c

0,y w

+A/uAvAV~Vlogw+/uAvAc (21)
C C
:f/uAvA{(Vlogwy[aVlogw]}

C

+/[AuAvAV+aV(uAUA)]~V10gw+/uAvAc.
c c

A

Here we used the assumption w € Sz‘er + USpe—

noting the periodicity of uav4 (aV logw).
By (21), we may write the Fréchet derivation J/(u4) in the form of

to remove boundary integrals by

Ja(ua)e

:_z/cuAvA{(VloguA)- [GV (i)” (22)

+/C [AuavaV +aV(uava)| - v (‘p> ,

ua
for all ¢ € S;,, . Following the same arguments in Lemma 2.1, we can conclude

from the definition (19) of J4 that
Jh(ua)p=0forall p €S, . (23)

To obtain formula (20), using (21) and by direct calculation we have
Ja(ua) = Ja(w)

:/CuAvA{(Vlogw)~[aVlogw]}—/CuAvA{(VloguA)~[aVIoguA]}

_ /C [AuAUAV + GV(“A“A)} $Vlog <w>

G\

:/CUAUA{[Vlog (qu)] ' [‘Nlog (:i\):|}

- /C [AuAvAV + aV(uAvA)] - Vlog (“’)

UA

o) 5 (2]

_/c [AuAvAV+aV(uAvA)} - Vlog (w)

uA

ol e )] b))
#2 [uava {(Viogun) - [oviog ()]}
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—/ [AUAUAV + CLV(UAUA):| - Vlog (w) ,
c uA

A
where we have used va € S;,,_ and uag € Sper+7

a. We now turn to verify formula (20). Choose

Y =1uyg [1og (:4) 2)\e~:c}

and the symmetry of matrix field

n (22) because of ua [log (ﬁ) —2)e- ;v] € SZ),‘WJr for w € S;}erf We further
compute
Ja(ua) — Ja(w)

uAvA{ Vlog(w) - [aV log (w) }JA(UA)LP+2A/AuAvAV~e
UA L ua /) | c
+2)\/ valaVuy|-e—ualaVuy| - €
foufivod) o woven] o)
uAvA{ Vlog<w) - |aVlog (w) }4—2/\G7
uA L ua j |

where we used (23) to remove J/y(u4)p, and G is given by

G:/CAUA’UAV'é +/C{vA{aVuA} -é—uA{aVvA} -é}.

To assert formula (20), it is now desirable to show

: — _ 9w
Claim. G = S5 -

To establish our assertion, multiplying (17) by vae - z, we derive by virtue of
V -n =0 on 0N that

—e- LZ/ va(aVun); }dy’ /Ce~x{va.[avuA}}
+ va [aVual - AuvaV - €
K -

:/Ce.x{uA [AV -V — cvua + pival } e'LAZZd;/QY {“A”Avi}dy‘z:L

Again integrating by parts and inferring from the definition (18) of v4 yields that

—e- LZ/ vA (aVua) } IL+e~L§;/QY {UA(GVUA)i}dy’E:L
+/C{UA [aVUA]'é} */CAUA’UAV@ */C{UA [aVva] 'é}

-G

=—e- LAZ/

)
z=L
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which leads directly to

G=—e- LZ/ va(aVua); —uA(aVvA)i}
+e- LAZ/ uAvAV dy’

To proceed further,

=L
(24)

. Differentiate (17) with respect
to A and denote d“—“ =/, for the sake of brewty7 we obtain

—div [aVu/y] + AV - Vu/y + cuy = %

aVu' } -n =0 on 90 and /u’ ug =0,
[ A o A (25)
wy(0,y) = e~ Le**Tuy (L, y) + e *Fuy (Ly) in Qy,

V4 (0,y) = e - Le*TVuy (L, y) + ¥V, (L,y) in Qy.

We may multiply this equation by v4 to derive that

ua + pu’y  in Q,

L.y) d (L,y)
- d d
Z REGLAT \07 v+ Z il avea) ] Ty

(0,y)
+ A Z

0
a’lﬁ\l —i—ul/vAuA /{ div[aVva] — AV - Vo + cva }uy.

Together with the definition (18) of v4 and the boundary condition of «/, in (25),
the Claim follows from (24) and (26). Formula (20) is therefore verified. O

(L 7y) (26)

6. Monotonicity of ¢*(A)/A. Our goal of this section is to prove Theorem 1.4.
Before proceeding further, we require some necessary properties of principal eigen-
value p1(A, \) to verify the differentiability of ¢*(A).

6.1. Concavity of ui(A,)\) with respect to A. This subsection is devoted to
describing some properties related to the convexity of pi(A, ) as a function of A.
The concavity of the map A — p1(A, \) has been already proved in [4], but we focus

here on the strict concavity. We further prove %A“; (A, ) < 0, which appears to be

new and it is a key to derive the differentiability of ¢*(A) with respect to A.

Lemma 6.1. The principal eigenvalue pi (A, \) is strictly convave in A > 0.

Proof. As already noted, the proof of the concavity of p1(A, A) has been carried out
by the general lines of [4]. Here we just outline it for completeness and because it
will lead us to the strict concavity.

Set A, A2 € R, t € (0,1) and A = tA;+(1—t)A2. Denote by u™ € S°AS)!,,,u €

S° N S;‘jr . the principal eigenfunctions associated with A; and As, respectively.

We further define p*t = log(u?t), ¢*? = log(u’?), ©* = te™ + (1 — t)p*2, and
W =e¥ €SN Sﬁw . accordingly. Direct calculation yields that

LA’U/\

=—div [aVp}] — Vet - [aVp] + AV -Vt + ¢

u
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>t {—div [aVp™] — VoM - [aVpM] + AV - VM + ¢}
+ (1 —t) {=div [aVp*] = Vp* - [aVp™?] + AV - V™2 4 ¢}

LAuAl LAUA2
:t{ " ]+(1—t){ e |

and the equality holds if and only if Vip* = V2 because of the positivity and
symmetry of matrix field a. By (27), the concavity of uq (A, A) follows readily from
the max-min formula for principal eigenvalue of elliptic operators [37],

(27)

. LAU)‘
p1(A,A) =  max  min | -
uresons),,, € U

We then turn to consider the strict concavity of uq(A,A) in A. Suppose the
equality in (27) holds. Then Vp* = V2 implies that o™ = p*2 + ¢, and thus
uM = cu?? for some ¢ > 0. In view of u € S;é,dr and u*? € SI)J\ZTJr’ we can find
eMelyM (L y) = uM(0,y) = cu?(0,y) = ce*2eLu?2(L,y) = er2eLuri(L,y), Vy €
Qy, which asserts Ay = Ay. Accordingly the strict concavity has been proved. [

We are now in a position to establish a stronger result that is the main objective
of this subsection.

Proposition 6.2. For all A > 0,\ >0, aa)f‘; (A, A) <0 holds.

Proof. Proposition 6.2 will be derived as a byproduct of Lemma 6.1, along with the
maximum principle. By taking ¢4 = logua, the eigenvalue problem (17) becomes
—div[aVpa]l + AV - Vs — V- [aVea]l +c=pui(4,)) inQ,

[apal -m=0 ondQ,
©a(0,y) = de- L+ ¢a(L,y) and Vpa(0,y) = Voa(L,y) in Qy.

82

5 /\2 satisfies

We then take two derivatives with respect to A and ¢} :=
—div [aV¢'}] + (AV —2aVpa) - Vi — 2V, - [aVe,] = a)\z L(A,)\) inQ,
[ap’i] - n=0 on 99,
¢a(0,y) = ¢4 (L, y) and V@i (0,y) = Vpla(L,y) in Qy.

(28)
Lemma 6.1 asserts that % 43+ (A, A) < 0. We now prove the desired result by contra-

diction argument and assume that there is some Ay > 0 such that %2/(‘21 (A, Ag) =0.
Restricting the equation (28) at Ao, we find that

—div [aV¢'}] + (AV —2aVpa) - Vs >0 in Q.

Denote (o, yo) by ¢4 (z0,y0) = ming ¢’y. The strong maximum principle asserts
that (z0,y0) € OC. Recalling the boundary conditions of ¢’4 in (28), the Hopf
boundary lemma implies that ¢} is a constant and thus V¢'; = 0. Returning to
(28), V¢4 = 0 reads V¢', = 0 at the point Ag.

Proceeding to differentiate (28) in A gives

—div[aV{] + (AV — 2aVpa) - V't — 6V, - [aVe'y] = TH(A,N) in Q,
[apf] m=0 on 09,
¢4(0,y) = ¢{(L,y) and Ve (0,y) = Vely(L,y)  in Qy.
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Again setting A = Ao and regarding V¢'y, = V¢'i = 0 at Ao, we arrive at

33M1
o oN3
B 1

This actually implies V') = 0 and thus o (A, Ng) = 0. To prove this assertion,

—div [aV@'{]+ (AV —2aVp,) - Vi = (A, No) in Q.

there is no loss of generality in assuming P (A, \p) > 0. The boundary condition

O3
of ¢/} then asserts that ¢’f is a constant by the strong maximum principle and
Hopf boundary lemma again.

Repeating the above procedure, we may conclude that
0"
A

Notice the well-known fact that pi(A, A) is analytic. See, e.g. Proposition 2.20 in
[7]. The Taylor expansion of uq(A4, ) at Ag reads

Vnpi‘ =0and —— (A, ) =0 foralln>2.

p1(A, N) = p1(A, o) + aa“;(A Xo)(A = Xo),

which contradicts to the strict concavity in Lemma 6.1. O

6.2. Proof of Theorem 1.4. With the help of Propositions 5.1 and 6.2, we are in
a position to prove Theorem 1.4.

Proof. Differentiating (17) with respect to A and writing a € = ¢/, to obtain

8,&1

—div [aVu;,] + AV - Vuy + V- -Vus +ciy = 9A

(A, Nua + p1 (A, Nuy  in Q,
[aVu'A] -n =0 on 99 and /u'AuA =0,

e
w4 (0,y) = T uy (L, y) and Vu/s(0,y) = e TVu/y (L, y) in Qy.

Multiplying both sides of the above equation by v4 and integrating by parts gives

a,ul
6A (A )\) /CUAV-VUA.
Recalling the definitions of L4, L%, and functional J,, we further derive
5#1
A, - L
24N =1 /”A Alua

1
:ﬂ |:/CUALAUA /CUALA’UA:|

L s - 21}

:M/CuAUA{[VIOg (Ziﬂ : {awog (Zi‘xﬂ}— %%(A,A%

(29)
by appealing to Proposition 5.1 with w = va € SPET* particularly. As already
noted in Subsection 5.1, there exists a unique point A*(A4) € (0,+o0) satisfying
(16), whence the map A — A*(A) is well defined. At A\*(A), by the argument of

extreme point we have

O

A (A)—=— I\

(A, A7(4)) = pa (4, A"(4)), (30)
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which establishes, along with (16), the following

A (4,3 (4)) = i/cmm { {Vlog (%)] . [aV]og (”’:)} } — (AN ().

(31)

On the other hand, consider function F(A,\) = )\%(A,)\) — u1(A4,\). Since

F(A,X*(A)) = 0 and % = %/{Q (A, A) # 0 by Proposition 6.2, the implicit

function theorem implies \*(A), and hence ¢*(A), are differentiable with respect to
A. In view of equalities (16), (30), and (31), direct calculation leads to

der(4)  —29 (3 (4))

A x4

:_M;(A)/Cmm{[vlog (zjﬂ : [awog <x>]}+ C*AA)'

This yields the desired result

%ﬁ?m:WMQMLMMHW%GD}PW%GQH'@m

To complete the proof of Theorem 1.4, it suffices to show that % <
0. Suppose not, there exists Ag > 0 so that ua, = cva, for some ¢ > 0. The
normalization that fc u% =1 and fc upv4 = 1 imply readily that uy = v4. Then
one can apply the periodicity conditions of u4 and v4 to find A*(Ag) = 0, which
is a contradiction. Therefore, the function ¢*(A)/A is strictly decreasing as A > 0
increases, which proves Theorem 1.4. O

7. Discussions and open questions. A similar result to Theorem 1.1 was estab-
lished in our work [28], which is associated with the periodic-parabolic eigenvalue
problem

Tuy — div [a(x)Vu] + e(z, t)u = M (T)u, =€ Q,te(0,1],
bu+ (1 —b)[a(z)Vu] -n =0, x € 0t €[0,1], (33)
u(z,0) = u(z, 1), x € .

Such problem remains an important area of active research [24, 25, 31, 33, 35, 36],
with particular interest on the dependence of the principal eigenvalue A;(7) on
frequency 7. It is shown in [28] that A;(7) is non-decreasing in 7 > 0, and more
precisely,
(i) If c(z,t) fo x,s)ds + g(t) for some 1-periodic function g(t), then A;(7) is
constant for 7 > 0;
(ii) Otherwise 2 (7) > 0 for every 7 > 0.
Identifying the connections between problems (3) and (33) is an interesting subject.
We now consider problems (3) with gradient flow V1 = Vm for some m € C?(Q),

where the principal eigenvalue A (A), in analogy with equality (1.2) in [5], can be
written as

A(4) =

25 [oqw?dSe + [, Vw - [a(z)Vw] + [, (ATQ|V1|2 — 4divVvy + c(x)) w?
inf
wer @)\ (0) Jowidz

k]
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which implies the monotonicity of A;(A) if V; is incompressible satisfying divV; =
0. This result can be covered by Theorem 1.1 with the extra assumption V; -n =0
on 0f). However, if the gradient flow Vi = Vm is incompressible and satisfies
Vi-n = 0on 0f, the only possibility is m = constant. Hence we may ask naturally:
When does the monotonicity property remain true for gradient flow? Understanding
the monotonicity of A;(A) with general flows seems to be more difficult.

Another open question is to determine the limit value of A\ (A) for incompressible
flow V with Robin boundary conditions as A — 400, though the existence of the
limit has been shown in Theorem 1.2. The results for Dirichlet and Neumann
boundary conditions in [5] show that the limit of A;(A) can be determined by the
variational principle (4). In view of Theorem 1.2, it seems plausible to conjecture
that for 0 < b < 1,

lim A;(A) = inf % faQ w?dS, + fQ Vw - [a(z)Vw]dz + fQ C(m)oﬂdm
A—+oo 1 weTy fQ wngT R

which would reduce to the results in [5] for the case b = 0. On the other hand, the
limit value of A;(A) with the gradient flow V; = Vm has been established by Chen
and Lou [8] for Neumann boundary conditions, which can be stated as
lim A;(A) = ming,
A—+oo M

with the set M consisting of all points of local maximum of m. Hence a natural
question arises: Does the limit of A\ (A) exist as A — +oo for general flows under
proper boundary conditions? If it exists, what is the limit value?

There are a substantial body of literatures concerning the asymptotic behavior
of the principal eigenvalue of elliptic operators for small diffusion rates; See [9, 11,
12, 16, 42]. For the principal eigenvalue of operator Lp = —DA+V -V +¢(z), Chen
and Lou [9] investigated its asymptotic behavior as D — 0 when V is a gradient
flow. Much less seems to be known when V is a general incompressible flow; See
[2, 41].
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