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The influence of advection on the propagation
of fronts in reaction-diffusion equations

H. BERESTYCKI
July 10, 2002

1 Introduction

Propagation of fronts is a phenomenon which plays a central role in a varied
array of different fields. Front solutions in combustion represent propagat-
ing flames in particular in the setting of deflagrations in premixed gases (see
e.g. [13, 68]). In physics and chemistry, more generally, propagating fronts
describe phase transitions as a steady transformation taking place at a well
defined velocity. Biological invasions or changes in populations are also often
modelled as fronts (see e.g. P. Fife [26], J. Murray [53] and Shigesada and
Kawasaki [62]). Propagation of fronts and of pulses appears indeed to be a
very general phenomenon in excitable media.

In many situations, the pertinent mathematical models describing these phe-
nomena are reaction—diffusion type equations or systems. Here, I shall only
discuss situations which are represented by a scalar function v = wu(t, z) and
the general homogeneous reaction—diffusion equation is

uy — Au = f(u) in RN (1.1)

where the term Aw describes diffusion (or random dispersion) and f(u) is
the term representing the reaction (related to the excitability of the medium).

When there is an underlying flow ¢(z) which gives rise to a transport of the
scalar u, one is led to the reaction—diffusion—advection equation:

u — Au+ q(z) - Vu = f(u) (1.2)

The homogeneous equation (1.1) above was introduced in the works of Fisher
[28] in 1937 to describe spreading phenomena in population genetics with the
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logistics law for the reaction term f(u) = u(1 —w). Almost immediately, this
equation was the object of the fundamental article of Kolmogorov, Petrovsky
and Piskunov [46] which laid the ground for the study of nonlinear parabolic
equations and introduced some of the essential tools in this field. Simultane-
ously, in 1939, Zeldovich and Frank-Kamenetski (see [76, 77]) proposed this
type of equation (with a different type of reaction term f) as the simplest
model to study flame propagation in the framework of the thermo-diffusive
approximation in combustion.

Ever since these works, this type of equations (and systems) has been intro-
duced in a fascinating array of different fields, in particular in the context of
biology and ecology.

The original work of Zeldovich and Frank-Kamenetski as well as several sub-
sequent ones is about equation (1.1). In combustion however, the hydrody-
namical aspects are of foremost importance and it is essential to deal with
equation (1.2) taking ¢ as given as a first step to understand the complete
system which couples the thermodynamics, chemical kinetics and fluid me-
chanics aspects of the problem, where instead of advection, one deals with
convection.

Here, I will focus on recent developments dealing with the advection reaction-
diffusion equations (1.2). To understand the influence of the advection term
¢ on the propagation of fronts plays indeed a centerpiece role in combustion.
Of particular interest is the influence of large advection terms on the shape
of fronts and the speed at which they propagate. In combustion this is a first
step to understand some aspects of turbulent combustion.

Note that in contradistinction with (1.1), equation (1.2) is spatially hetero-
geneous in general. Likewise, if instead of considering the equation (1.1) in
all of space, one considers propagation in a domain Q C IR"Y, that is :

u — Au= f(u) in Q (1.3)

the problem that one is led to in general is not homogeneous any more. This
heterogeneous aspect will be important here. To address this issue, I shall
consider here the framework of propagation of periodic media, that is when
the term ¢'in (1.2) or the domain €2 (or both) have periodic structures. More
general equations involving periodic diffusion coefficients or a nonlinear reac-
tion term f = f(x,u) which has a periodic dependence in z will be mentioned
later on.



Regarding another approach to heterogeneous media, many results have also
been obtained in the framework of random media. These will not be covered
here and the reader is referred to the book of Freidlin [30] and to the survey of
J. Xin [?] for this aspect as well as many other related questions for periodic
media.

I shall first recall in the next section some classical results dealing with the
homogeneous equations and planar fronts. A particular emphasis will be put
on the properties regarding long time behavior and asymptotic spreading for
these equations. In this connection, I shall present in section 3 a simplified
proof of a symmetrization result due to C. Jones.

Higher dimensional problems already arise for curved fronts, when there is a
parallel (shear) flow ¢'in (1.2). In this case, considered in section 4, one can
still define traveling fronts, which are given by some nonlinear elliptic prob-
lem. In section 5, I shall present some new results (which have not appeared
elsewhere) regarding the speed of traveling fronts in shear flows with large
advection. In the KPP case (to be defined below), one obtains a complete
description of the dependence of the critical speed in terms of the amplitude
of the flow. In the following section, some properties related to the dynamics
of the problem will be recalled.

In the general periodic setting, traveling fronts do not exist any more and
one is led to extend this notion. I shall define in section 7 the pulsating trav-
eling fronts also called periodic traveling fronts. A large part of the theory
of planar fronts can be extended to this generalized setting. The existence
results, presented in section 8 are taken from joint work with Frangois Hamel
[9]. The question of the speed of propagation of fronts through a periodic
array of rapid vortical cells is an important question in turbulent combus-
tion. I shall present some results and open problems regarding this question
in section 9. Lastly, in section 10, I shall give various estimates regarding
the speed of propagation, emphasizing in particular the influence of geom-
etry and advection. Along this survey, I shall indicate several open problems.

This paper is intended as a survey of some of these developments. It is the
written form of a series of lectures given at the NATO Advanced Scientific
Institute in Cargese in the summer of 1999. Some of this material was also
presented in a course at the Pacific Institute of Mathematical Sciences (UBC)
in Vancouver in the summer 2001. I have also included some recent results
on the subject that have appeared since.

In preparing the Cargese lectures and these notes, I much benefited from



several discussions with Paul Clavin, Francois Hamel, Louis Nirenberg, Yves
Pomeau and Jean-Michel Roquejoffre. It is a pleasure to express my thank-
fulness to them.

2 Planar fronts and large time behavior for
homogeneous reaction—diffusion equations

I first review some results about the homogeneous reaction—diffusion equation
(1.1). This will be the occasion to recall the classical theory of planar fronts
and their role in the large time dynamics for these equations. There are three
different aspects here :

e Existence of traveling fronts
e Convergence to traveling fronts,
e Asymptotic spreading from initial data with compact support.

The second topic is mainly restricted to one spatial dimension. The point
there is to consider the initial value problem:

Ut — Ugy :f(u)7 r € IR

u(0,2) = up(x) (2.1)

and to determine the convergence of solutions of (2.1) to traveling fronts.
Some indications will also be given regarding higher dimensions. For the
asymptotic speed of spreading, the equation under consideration is (1.1) in
arbitrary dimension. Planar fronts play an essential role in understanding
the asymptotic spreading.

I shall recall the results of existence of planar fronts together with the long
time behavior in (2.1). Asymptotic spreading will be considered separately.

2.1 Planar fronts

Throughout this article, it will be assumed that f : [0,1] — IR is a Lipschitz
continuous function which is of class C! in some neighbourhoods of 0 and 1
and satisfies f(0) = f(1) = 0. Fronts are solutions which connect the two
stationary states u =0 and u = 1.



Planar traveling fronts propagating in a direction € (where €'is a unit vector)
are such solutions of (1.1) of the form

u(t,z) = ¢(x - €+ ct). (2.2)
Then, clearly, ¢ satisfies

—¢" +c¢' = f(¢), ¢(—00) =0, ¢(+00) = 1. (2.3)

Three types of nonlinearity are usually considered. I indicate the relevant
results for each one of them.

2.2 KPP reaction term

First we consider the case of KPP (for Kolmogorov, Petrovski and Piskunov)
type nonlinearities. It is defined by assuming that f > 0 in (0,1) and is
strictly concave (or more generally satisfies (4.6) below). The example of
such a nonlinearity is the one in Fisher’s equation, that is f(u) = u(1 — u).
In this case, there is a continuum of possible speeds: [¢* = 4/2f(0), +o0.
More precisely, no planar front exists in (2.3) with a speed ¢ < ¢*, while for
each ¢ > ¢*, there exists a unique solution ¢ of (2.3). It is understood here
that fronts take their values in the interval (0, 1). Uniqueness in this contexts
is always understood up to shifts of the origin.

Since one can always shift the origin in (2.3), denote by ¢. the front with
speed ¢ and such that ¢.(0) = 1/2.

We start with convergence results for front like initial data. The first result
of this kind is the following.

Theorem 2.1 (Kolmogorov, Petrovski, Piskunov, (1937), [46])
Assume ug to be the Heaviside function H(xz). Then there is a function x(t)
with lim @(t) = 0 such that for all x € R

t—4o00

lim (u(t,x) — ¢e, (x + ct + z(t))) = 0.
t——+00
The proof of this theorem in [?] relies on deep considerations about the num-
ber of zeroes of the solutions of a parabolic equation which much later gave
rise to several works on this question.



The initial datum in Theorem 2.1 is special, and one may ask what happens if
one considers more general conditions at +co. It turns out that the problem
sharply depends on what happens at —oo - which is the leading edge of the
front. The reason why this happens is related to the fact that 0 is a saddle
for (2.3). For all ¢ > ¢,, the wave ¢, decays near —oo at the rate

bu(2) ~ k=% with 7 (c) = & — 4f1(0)

- 2

Thus, clearly, Theorem 2.1 cannot hold for general initial data just assuming
that ug — 1 as ¢ — oo and ug — 0 as * — —o0.

A typical result is the following
Theorem 2.2 (Bramson [19] 1983, Uchiyama [64] 1978, Lau [47] 1985)) As-

sume ug(+00) = 1, and up(x) ~ ™97 as & — —oo. Then u(t,z) converges
to a wave of speed c.

The memoir of Bramson [19] explores the topic by probabilistic methods In
[47], Lau actually gives necessary and sufficient conditions on the initial da-
tum wuo to ensure the convergence to a wave of speed c¢. The proofs in [47]
are deterministic and rest on a particular version of the zeroes number prin-
ciple. This principle states that the number of zeroes of a solution to a linear
homogeneous parabolic problem in non increasing with time.

1
When ¢ = ¢, let x(t) be the point such that wu(t,z(t)) = 5 (assume e.g.

that u, is nondecreasing). Precise estimates of x(t) have been derived by
Uchiyama ([64], 1978) by probabilistic methods showing that (x(t) ~ kLogt.

For a partial generalization of these results - i.e. asymptotic speed - to quasi-
linear equations, see Hagan [36].

This type of estimates has been considerably generalized recently in a series
of works by Ebert and Von Saarloos [24] . They obtain in particular further
expansions on z(t) and give more general conditions. They also consider
other type of equations. It is an open problem to find an analytical proof for
these results. In fact even for Uchiyama’s result there is still no analytical
approach.

The concavity assumption on f can be relaxed. Namely, we still assume

f>0on [0,1], f(0) = f(1) =0, f/(0) > 0 and f’(1) < 0. The concavity
assumption on f, however, is dropped. This case is referred to as the ZFK
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(Zeldovich-Frank-Kamenetskii) case. Regarding the existence of fronts, there
is a continuum of possible speeds [c,, +oo[, just as in the KPP case. The
following results are due to Stokes [63]:

e if ¢ > ¢, the situation is similar to that of Theorem 2.2.

o If c =c, and ¢, > 1/2f7(0), then there is exponential convergence to a
wave, provided that the initial datum decays faster than the wave.

Lastly, it is also useful to have stability results. An important result in this
direction is due to D. Sattinger:

Theorem 2.3 (Stability of traveling fronts with higher speeds: Sattinger
[61] 1976))
Choose ¢ > ¢, and suppose ug/@., decays exponentially as |x| — +oo. Then

u(t,z) — de(x +ct) = O(e™)  for some & > 0.

Note that here there is no spatial shift. This is in striking contrast with the
bistable case described below for which one proves orbital stability.

2.3 Combustion nonlinearity.

This type of nonlinearity is defined by assuming that f(u) = 0 on [0, 6] for
some 0 < # < 1 and that f(u) > 0 on (6,1) with f(1) = 0 and f'(1) < 0.
In such a case there is a unique solution (c, ¢) to (2.3) - the profile ¢ being
unique up to a translation. Normalize the translation by taking ¢ to be the
unique front such that ¢(0) = #. This type of nonlinearity is used classically
in flame models. The number 6 is to be understood as a threshold value at
which the reaction is turned on. It is sometimes called an ignition tempera-
ture. The analogue of the KPP result (Theorem 2.1) by Kanel.

Theorem 2.4 (Kanel [44], 1965)
Assume ug(z) — H(x) to have compact support. Then there exists xo € IR
such that the following holds uniformly in x € IR:

tiigloo(u(t, x) — o(r + ct + z0)) = 0.

This result can be extended in two directions: first, it is enough for the initial
datum ug to only have exponential decay at —oo, and some convergence to 1
at +00 in a weak sense. Second, Sattinger’s [61] orbital stability results are
valid on this model, and the convergence to a wave can be proved to be expo-
nential. In fact, the situation is rather similar to the bistable situation below.



2.4 Bistable nonlinearity.

In the bistable case, the nonlinearity is assumed to satisfy the following
conditions for some 6 € (0,1): f(u) < 0 on (0,6); f(u) > 0 on (0,1);
f(0) = f(1) =0and f'(0) <0, f'(1) < 0. Like in the combustion case, there
is a unique speed ¢ and a unique traveling front ¢ solutions of (2.3). Let ¢
denote the unique front such that ¢(0) = 6.

Theorem 2.5 (Fife-McLeod [27], 1977) Assume:

limsupug(z) <0 and liminfuy(z) >0

T——00 T—+00
Then there exists xg € IR such that
u(t,z) — p(z + ct + zy) = O(e™®)

for some § > 0.

2.5 Spreading results in one space dimension

I now turn to results dealing with asymptotic spreading. Here one considers
initial data uy with compact support and uy > 0. The question is to know
whether and at which speed the corresponding solution of the initial value
problem (2.1) (or the higher dimensional version) converges to 1. When it
does converges to 1, one says that there is spreading. Also, one says that
there is extinction when u(t,z) — 0 as t — oo.

Some general results about spreading in arbitrary dimension are given in the
next paragraph. In one space dimension, they were derived in a first article
by Aronson-Weinberger [1].

In the case of one space dimension, one can prove more precise convergence
results that I mention now.

e In the KPP case, Rothe [59] proved the convergence to two fronts with
opposite speeds when uy decays to 0 as © — + £ oco. Similar results
are also to be found in [64].

e In the bistable case, Fife-McLeod [27] proved the convergence to fronts
with opposite speeds when ug is compactly supported, the part of wug
above 6 is large enough, and the front connecting 0 on the left to 1 on
the right moves with positive speed (¢ > 0).



2.6 Spreading in higher space dimensions

Consider the initial value problem associated with (1.1). The problem reads:

u—Au = f(u), z¢€ RN,

u(0,2) = up(x). (2:4)

The initial datum ug is assumed to have compact support, or, more generally
to decay to 0 as |z| — +oo. Here I mention several aspects related to the
behavior of the solution of (2.4) for large time.

2.6.1 KPP and the “hair trigger effect”

Assume that f is a KPP-type nonlinearity, and ¢* = 2,/ f’0) is the minimal
speed of traveling fronts in this case.

Theorem 2.6 (Aronson-Weinberger [2], 1978)
Assume that ug takes values in [0, 1], has compact support and uy # 0. Then,
for all unit vector € € RY, |e] = 1:

Ve < ¢, tliin u(t,x + cté) =1
Ve > ¢, tliELn u(t,x + cte) =0

2.6.2 Bistable case

We make the same assumptions on f as in the one dimensional case above.

1

Denote by c* the unique velocity of planar fronts. If / f(u) du > 0, then
0

ct > 0.

Theorem 2.7 (Aronson-Weinberger, ibid.)
Suppose that the initial data ug satisfies the same conditions as above, namely
that ug(z) € [0,1] for all x € RN and that ug has compact support with
ug Z 0. Assume further that ¢* > 0.
1. Assume {ug > 0} is large enough; then spreading occurs. For all € € IRV,
€] =1:

Ve < ¢, tLiELIloou(t, z+cté) =1

Ve > ¢, tLiELnoou(t, z+cté) =0

2. Under the condition that {ug > 0} is sufficiently small, there is extinction.
That is, for all x € RN,
lim wu(t,x) = 0.

t—-+o0



When spreading occurs as in case 1 above, it is natural to ask what is the
shape of the asymptotic profile. There are two important results of C. Jones
on this question.

Let us start with the spherically symmetric case.

Theorem 2.8 (Jones [43], 1985)

Assume again that f is of the bistable type. Under the same conditions on
ug as i Theorem 2.7 above, assume further that ug has spherical symmetry
and that spreading occurs. There is a planar front ¢ (that is a solution of

(2.3) such that, for all € € RY, |e] = 1:
tligrn (u(t, z + cte) — ¢(|z| + c*t)) = 0.

In an earlier paper [42], Jones considered the case where uy does not have
the radial symmetry, and proved asymptotic spherical symmetry: the level
lines of u become spherical in the following sense.

Theorem 2.9 (Jones’ symmetrization result [42], 1983)

In the bistable case, for a general ug with compact support satisfying the
conditions of Theorem 2.7 above, assume that spreading occurs. Let a be a
fized number in (0,1); in particular, a can be arbitrarily close to 1. For any
time t > 0 and xy such that u(t,zo) = a, and V,(t,zo) # 0, the normal line
to the level set {z;u(t,z) = a} through the point xo intersects the support of
the initial datum ug.

The assumption of spreading implies that for large ¢, the level set u(t,-) = a
moves to infinity. In a rescaled version, this result means that in the limit of
t — oo, the level sets, once rescaled to be at finite distance, have their nor-
mal at every point going through the same fixed point. Therefore, the above
result shows an asymptotic symmetrization of the solution of the initial value
problem (2.4). In a sense, this result is reminiscent, as a parabolic analogue -
in a particular case, of the Gidas-Ni-Nirenberg symmetry property for elliptic
equations. (See e.g. [17].)

As a consequence of Theorem 2.9, the following property is shown in [42]:
Proposition 2.1 [42] Ift > 0 is large enough, then

Vu(t, x) I
=+l [Vu(t, o) Ja]l

as long as the above expression makes sense.
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Very little progress has been made since Jones’ results on getting a more
detailed description of the asymptotic profile. Just recently it was observed
by V. Roussier [60] that this result cannot, in general, be extended into a
convergence result to a front. That is, the conclusion in Theorem 2.8 does
not necessarily hold for initial data ug which are not spherically symmetric.

3 Proof of C. Jones’ symmetrization result

The proof by C. Jones of Theorem 2.9 above rests on the maximum principle.
It borrows the idea of using reflection from the method of moving planes of
Alexandrov and Serrin. I present here a simplified version of Jones’ proof.

Denote by K the convex hull of the support of ug. By assumption, K is
compact. Let us argue by contradiction and assume that for some a € (0, 1),
the result does not hold. That is, for some t, > 0, denoting Sy := {z €
RY ; wu(ty,r) = a}, we assume that there exists some point zy € Sy such
that the normal line N to Sy through the point xy does not meet K. By the
separation theorem of convex sets, there exists a hyperplane 7' containing
N that does not meet K. Let H denote the half space containing K and
bounded by T'.

For all x € H, let & be the reflection (mirror image) of x in 7. In H, for
t > 0, we define the functions:

v(t,z) == u(t, z),
w(t, z) == u(t,z) —v(t, x).

Then, like u, v is a solution of the equation:
vy — Av = f(v) for xe H, t>0.

Since f is Lipschitz continuous and 0 < u,v < 1, there is some bounded
measurable function ¢(t, z) such that:

f) = f(u) =c(t,x)(v—u), Vt>0,VeeH.
Hence, w is a solution of a linear equation:
wy — Aw —c(t,x)w =0, Vt>0, VreH,
with C € L>*(R" x H). Moreover, by construction:

w(t,z) =0, YxeT, Vt>D0.
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The assumption that 7" does not meet K implies that v(0,2) = 0, for all
x € H and therefore that:

w(0,z) >0  Vre H.

From the maximum principle, it follows that:

w(t,z) >0, Vt>0, VYxeH.

Let £ denote the normal to H at the point . Since w(ty, xo) = 0 and w # 0,
the strong maximum principle shows that:
ow

875(750,330) = wa(to,:zco) f < 0.

However, & being normal to N at x, it is tangent to the level set Sy =
{u(to,) = a}. Therefore:

ow

¢ (to, zo) )

and Theorem 2.9 is proved by contradiction.

4 Curved traveling fronts for shear flows

I now turn to heterogeneous problems. A particular attention will be devoted
here to the role played by advection.

Consider the reaction-diffusion-advection reaction:
u — Au+ q(z) - Vu = f(u) (4.1)

in an infinite cylinder ¥ = IR x w with w C IRN~!. 1 use the notation
x = (z1,y) for x € ¥ with ; € R and y = (29, ...,xy) € w. Here, w is as-
sumed to be a smooth bounded domain in JRN~!. The outward unit normal
derivatives on w and on ¥ are denoted by v (so that v is in RV ™! or in IRV
according to the context).

A particular type of flow which is useful to study and for which there still
exist traveling fronts is that of shear flows or parallel flows. We assume that:

q(z) = aly) é

where o : @ — IR is some C! function. Note that ¢ is divergence free. The
flow is uniform along the cylinder but not in its cross section. Equation (4.1)
thus reads:

12



ou

u — Au+ a(y)=— = f(u) in ¥ (4.2)
6931
Assume adiabatic boundary condition, that is:
0
a—z =0 on 0%

Looking for a Travelling front solution, we set:

u(t,z) = ¢(x1 + ct,y)

where ¢ : ¥ — IR. One is thus led to the following semi-linear elliptic
equation in a cylinder:

“A g+ (cHap)ge = @) i %
_1, (4.3)

m =0 on 82

The limits in (4.3) are to be understood as uniform with respect to y € w.
The unknowns here are the function ¢ and the velocity ¢. Hence (like the
homogeneous problem (2.3)), it is sometimes referred to as a nonlinear eigen-
value problem with ¢ playing the role of an eigenvalue.

The theory of planar fronts has been completely extended to this case and
I now present the main results. As in the homogeneous equation, one has
to distinguish between several types of functions f. In all the following, we
continue to assume that f : [0,1] — IR is a Lipschitz continuous function
which is differentiable in some neighborhoods of 0 and 1. In all cases, it is
also assumed that:

fO)=f1)=0, f(1)<0.

The results are stated according to the type of nonlinearity.

4.1 Combustion type nonlinearity

Assume that there exists 6 € (0, 1) such that:
f=0 on [0, and f>0 on (6,1). (4.4)

This type of nonlinearity is commonly used to represent combustion pheno-
mena. The term f comes from chemical kinetics and is obtained by Arrhenius
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law together with the law of mass action. As was mentioned earlier, the as-
sumption about 6 is a kind of cut-off or threshold temperature below which
the reaction altogether stops. It is often referred to as an ignition temper-
ature. It is a convenient assumption in order to avoid the “cold boundary
difficulty” (see [15]).

The main result is this case is the following:

Theorem 4.1 [14, 18]. Given any C' function a(y) and under assumption
(4.4), there exists a unique velocity ¢ and a unique (up to translation in the

direction) profile ¢ solution of problem (4.3). Moreover, ¢ satisfies % >0
in .
Existence of a solution was proved with B. Larrouturou and P.L. Lions in

[14] (1990). Its uniqueness as well as the monotonicity result are from joint
work with L. Nirenberg [18] (1992).

To prove the existence, we considered the problem reduced to a bounded
domain ¥, = (—a,a) X w, with a normalization condition:

max u(0,y) =0

YyeEWw

and boundary conditions on x; = Za. Using Leray-Schauder degree, we
obtain a solution of the problem in ¥,. Then, using a priori estimates, we
get a solution of (4.3) by taking the limit @ — +o00. The most delicate point
in these estimates is to prove that ¢, — the parameter ¢ for the problem in
Y — is bounded independently of a:

Uniqueness as well as monotonicity are established by using the sliding do-
main technique of [17] which is similar to the moving plane technique and
also rests on the maximum principle.

4.2 Positive and KPP type nonlinearities

The nonlinear term is now assumed to satisfy:
f>0 in (0,1) (4.5)

In this case too, one can extend the planar front (for (2.3)) theory.
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Theorem 4.2 (H. Berestycki, L. Nirenberg [18], 1992) . Assume f satisfies

(4.5) and « is a given C' function. Then, there erists a critical velocity c*

such that:

(i) If ¢ < c*, there are no solution of (4.3),

(ii) For all ¢ > c¢*, there exists a solution ¢ of the corresponding problem

(4.3).

If one assumes in addition that f'(0) > 0, then, for each ¢ > ¢*, the solution

¢ is unique (up to translations along the azis of the cylinder) and satisfies:
99 g

— >0 3.
s in

In the case f'(0) = 0, the questions of uniqueness and of monotonicity are
still open for positive nonlinearities.

Let me now define the class of KPP nonlinearities for which a precise result
about ¢* can be achieved. A nonlinear term f is said to be of KPP type if it
satisfies:

0< f(s) < f'(0)s, Vse(0,1) (4.6)

For such nonlinearities, one can characterize ¢* and this will turn out to be
very useful. This is related to the linearization of the problem near u = 0
(i.e. as ¥y — —o0):

ou

—Aut e+ aly) 5 = 7O

If one looks for exponential solutions of this equation:

6)@1

U(xl,y) = 90<y> L1 n R7 yew

with A > 0 and ¢ > 0in @, one has to solve the following nonlinear eigenvalue
problem:

{_Ay¢+A(c+a(y))sa—f’(0)sO =My i w, (4.7)

% =0 on Ow.

It turns out that the solvability of (4.7) completely characterizes ¢* as the
next result shows.

Theorem 4.3 . Let f'(0) > 0 be given. There exists a number ¢ such that:
(i) If ¢ < ¢, there are no solution of (4.7) with A > 0 and ¢ > 0 in w
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(i) If ¢ = ¢, there is one and only one value of X > 0 for which there exists
a solution ¢ > 0 of (4.7)

(iii) If ¢ > €, there are exactly two values of X\ > 0 for which there exist
positive “eigenfunctions” ¢ of (4.7).

If f satisfies the assumption (4.6), then:

==t
When « = 0, then, clearly, the principal eigenfunction of (4.7) is a constant,
i.e. ¢ =1 and the eigenvalue problem reduces to:

e — f/(0) = \? (4.8)

Hence, in this case, the above characterization reads ¢* = 2,/ f/(0). Thus,
Theorem 4.3 yields an extension of this speed characterization to nonhomo-
geneous situations. It is interesting to emphasize that the general property
characterizing the critical speed involves an eigenvalue problem. Thus, c*
only depends on «a(y), w and f’(0) but otherwise does not depend on the
shape of f as long as the asumption (4.6) in satisfied.

Instead of a cylinder ¥ = IR X w, one can consider the equation (4.3) in all
of space IR", assuming «(y) to be periodic. Then, the same results (with the
obvious modifications) hold.

Based on probabilistic arguments, Géartner and Freidlin [32] gave a charac-
terization of the asymptotic speed of spreading (which I shall define in the
next section). It can be shown (see [74]) that the two definitions coincide.

If f does not satisfy (4.6), then, the above characterization does not hold any
more. Other, characterizations, of min max type have been found, starting
with the work of Hadeler and Rothe [33], on one dimension problems, and
its extensions by Volpert et al. [65]. Recently higher dimensional versions
of these characterizations have been given by Hamel [34] and by Heinze, Pa-
panicolaou and Stevens [40].

In a recent work, Hamel and Nadirashvili [35] have studied the structure of
the set of entire solutions of the homogeneous KPP equation in the whole
space. They have discovered that the set of solutions is much richer than was
earlier thought. In particular, there are many other types of curved fronts
for this equation even in the homogeneous case.
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4.3 Bistable nonlinearities

The last class of nonlinearities is the bistable case. It is defined by the
following requirement: For some 6 € (0,1), f satisfies:

) (4.9)

f>0 in (0,1
0,0)

f<0 in (0,
It will also be assumed that [ f(s) ds > 0.

As opposed to the first two cases that we have seen, the extension to higher
dimensions of the bistable case involves an additional assumption on the
geometry of the domain.

Theorem 4.4 (H. Berestycki, L. Nirenberg [18]). Under condition (4.9),
assume that the cross section of the cylinder w is convex. Then, there exists
a unique ¢ and a unique ¢ (unique up to translations) solution of (4.3).
Furthermore ¢ is monotonic in the xy-direction.

The proof does involve the condition of convexity on w. It makes use of the
property that the only stable solutions of Neumann problems in a convex w
are constant. This property is due to Casten and Holland [20]. It turns out
that without such an assumption, the above theorem does not necessarily
hold.

Theorem 4.5 (H. Berestycki, F. Hamel [8] 2000). There exists (non convex)
domains w such that under condition (4.9), the problem (4.3) has no solution.

The counter examples are constructed in [8] by considering hour-glass type
domains.

5 Convection by large shear flows in the KPP
case

Consider now the problem when the parallel flow has an amplitude factor A,
that is,

q(z) = Aaly) &

where o : @ — IR is a fixed C! function. It is an important question to
know how the amplitude factor affects the traveling front solutions that we
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discussed before. I will describe here the asymptotics of fronts speeds for
large amplitudes A in the case of a KPP nonlinearity.

It will be assumed throughout this section that « # 0, and that

[ o) dy=0 (5.1)

Note that if condition (5.1) is not met, one can always substract from «(y)
a constant (which is added to ¢) so that it is satisfied.

We assume here that f is of KPP type, that is, f satisfies condition (4.6).
Recall that under this assumption, for all A > 0, there exists a critical speed,
denoted ¢*(A) such that:

— For all ¢ > ¢*(A), there exists a unique (up to translations) traveling front

u, solution of (4.3). Moreover, g—xul > 0 in X.

— No traveling front solution of (4.3) exists with speed ¢ < ¢*(A).

As we shall see in the next section, ¢*(A) also represents the asymptotic
speed of spreading. Therefore, to understand the influence of large advection
on propagation, it is important to describe the behavior of ¢*(A) as A — oc.
This is the content of the next theorem.

Theorem 5.1 . Suppose a # 0 satisfies (5.1). Then, as a function of A,
c*(A), the minimal speed of (4.3), satisfies the following properties:

(i) ¢*(A) is increasing with A > 0,

(ii) ¢*(A)/A is decreasing with A > 0,

(

iii) ¢*(A)/A converges to a positive limit p > 0 as A — 0.
I will now give the proof of this result which is new.

It rests on the characterization of ¢*(A) derived in [18] and stated in Theorem
4.3 above. An analogous characterization for spreading speeds was given by
Gértner and Freidlin [32] based on probabilistic arguments.

Henceforth, we denote:

m=f(0)>0, A=A,

To analyze the previous eigenvalue problem (4.7), we define, for all ¢ > 0,
pf(t) as the principal (first) eigenvalue of the problem.
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{_Ago+t(c+Aa(y))so—m%0 =ty inow (5.2)

>0 in w, % =0 on Jw

Recall that the sign condition ¢ > 0 of the eigenfunction characterizes p(t) as
the first eigenvalue. With these notations, clearly problem (4.7) is equivalent
to solving the equation:

pe(t)y =t*, t>0 (5.3)

To prove (ii) and (iii) in Theorem, we define:

s=At and fy:%

Then define v7(s) as the principal eigenvalue of the problem:

dp (5.4)

{—As0+(7+a(y))sso—mso =17(s)p inw,
o

=0 on OJw.

With this change of variables, it is clear that problem (5.3) is equivalent to
the equation:

2

A2

V7 (s) (5.5)
The properties of 17 (s) are the same as those of u°(t) (see [18]) and are listed
in the following proposition:

Proposition 5.1 .

(i) v7(s) is a continuous and concave function of s.
(ii) Forv=0,1%s) < -m, Vs>0.

(iii) v7(s) — v (s) = s(y — '), for all s,7,7'.

Property (iii) is obvious. To prove (ii), consider the eigenfunction ¢ corre-
sponding to v = 0:
{ —Aptaly)se =N s)+m) e in w,

(5.6)

s
0
8—(5 =0 on OJuw;
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Since ¢ > 0 in @ (by the strong maximum principle) we may divide this
equation by ¢ to get:

0 _ CLIVel Vel
y(3)+m—s/wa(y)dy /w o /w<p2 <0

Hence, since a(y) # 0, the inequality is strict and we get 1%(s) < —m.

The other properties follow from the variational characterization of 17(s):

Vo2 2 _ 2
V(s) = min {fw! ol* + (7+a(29)) s = mey
peH () R
As a function of s, the argument of this minimum is affine, and therefore
v7(s) is concave (hence continous).

From the properties in the above proposition, it follows that for all A > 0,
there exists a value v*(A) such that:

2

V7 (s) for all s >0 if v <~*(A), (5.7)

S

2

there exists s >0 with »7(s) = % for all v >~*(A) (5.8)

2
More precisely, v7(s) = % has a unique solution s > 0 if v = v*(A) and it

has exactly two solutions if v > 7*(A).

Clearly, one has:

7(A) = (5.9)
2 2
Since % < ﬁ if A" < A, it is now obvious that ~*(A4") > v*(A).
"

Therefore, ¢*(A)/A is decreasing as A > 0 increases which proves (ii) in the
Theorem.

Furthermore, since (1) < —m, by continuity, we see that there exists § > 0
such that for all 0 <~ <9,

(1) < —m (5.10)
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and

V(s) < —% for all s € 0,1] (5.11)

Hence, for all 0 < v < §, since v7(0) = —m, from (5.10) and by the concavity
of 17(s), we see that v7(s) < —m,V s > 1. Together with (5.11) this shows
that:

W (s) < —% <0, Vs>0, Vyel0,d] (5.12)
Consequently, we have:
v(A) >0, VA>0 (5.13)
Therefore,
: c(A) _
AI/HEOO N =P 0 (5.14)

which proves part (iii) in Theorem 5.1.

It now remains to show property (i) in the theorem, namely that ¢*(A) is
increasing with A > 0. To this end, we use the original formulation with
variables ¢ and t. We denote by u“(t) and by ¢, the principal eigenvalue
and associated eigenfunction of the problem:

—ApattlctAaly)ps—mpa =ptt)pa in w,
dpa (5.15)
W =0 on &u
The eigenfunction ¢4 is uniquely determined by the normalization:
/ Paly) dy =1 (5.16)

We recall that the property ¢4 > 0 characterizes the principal eigenvalue.

From Krein-Rutman theory, we know that pu“(t) is simple. It is then well
known that 4 and p?(t) are differentiable functions of the parameter A.
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Let us denote ¢ = %ﬁ (to shorten notations we write 1) = 14(y)). Differen-
tiating equation (5.15) with respect to A, we obtain:

—Ap+(c+Aa)t v —mi+a(y)tpa
_ A op(t) -
= p ()Y + g4 P4 In W, (5.17)
Oa

v =0 on OJw.

By (5.16), we also have:

/wz/f wa=0 (5.18)

Multiplying (5.15) by ¢ and (5.17) by ¢4, integrating and using Green’s
formula, we derive:

op(t)

2 _ 2

/wa(y) tea= ("5, )/wm (5.19)
Let us show that the left hand side of (5.19) is negative.

By the variational characterization of p”(¢) in (5.15), letting:

_ L IVelP +tf(c+ A aly) ¢

R(p
(@) Jo #?
we know that:
pt(t) +m = min R(y) (5.20)
pEH! (w)

Hence, pu”(t) +m < R(1), since 1 is not an eigenfunction, as o # 0. Now,

R(l):ct+At/wa(y):ct.

Thus, we derive:

MA(t)~|—m:/\Vgp]2+ct—|—At/a(y) ©® < ct,

and this proves that for ¢t > 0,

/wa(y)goQ < 0. (5.21)
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Therefore (5.19) shows that:

A (t)
0A

<0, for t>0. (5.22)
Now, let us take two values A, A" with:

0<A<A.
By (5.22) we se that:

ph(t) > p (), Vt>0
Recall that p#(t) also depends on ¢ and write u?(t) = p2(t).

Since, for ¢ = ¢*(A), the function ,uf*(A)(t) is tangent to the curve t? at
exactly one point, the previous inequality implies that:

pioat) <t Vt>0 (5.23)

Then, by the definition of ¢*(A’) (see Theorem 4.3), we finally establish that:

(A" > " (A), (5.24)
which prove, that A — ¢*(A) is an increasing function.

This completes the proof of Theorem 1.

Remark. If, instead of a KPP type nonlinearity, we consider a combustion
type nonlinearity f, then, there exists a unique value ¢(A) for all A for which
there is a traveling front solution of (1). In this case, by comparison, it
is easy to get an upper bound ¢(A) < kA for some constant k. Recently,
lower bounds of the type c¢(A) > koA for some constant ky > 0 have been
established by Constantin, Kiselev and Ryzhik [23]. This lower bound proves
that the enhancement by advection is at least linear. The proof of [23] uses of
very delicate estimates on the parabolic equation. Another interesting proof
was also given by S. Heinze [39].

It is an open problem in this case, to know whether ¢(A) has the same prop-
erties as those of ¢*(A) in Theorem 1.
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6 Asymptotic speed of spreading with shear
flows in cylindrical domains

In the same geometry as above, with the same shear flow parallel to the walls
of the cylinders, let us now consider the initial value problem with Neuman
conditions
u— Au+ a(y)u, = f(u), x€X
u, =0, (z,y) € R X 0w (6.1)
uw(0,2) = up(x)

The function «a(y) is taken as given. Again the discussion is done according
to the type of nonlinearity.

6.1 KPP case

Assume first that f is of KPP type, that is satisfies condition (4.6). The
traveling waves have this time the form: ¢(x; +ct,y). Let ¢,: minimal speed
of the waves propagating from right to left as above. Similarly, there is a
minimal speed c,, for the the waves propagating from left to right. Denote by
¢.. the front solution of (4.3) with minimal speed such that ¢..(0,yo) = 1/2
form some fixed point ¥y, € w.

Theorem 6.1 (Freidlin [31], Mallordy-Roquejoffre [51], 1995)
1 (Convergence to TF). Assume that the initial data uo(z1,y) is the Heav-
iside function H(xq). Then

. 1 if ¢ < e,
tkgloou(t,xl +ecty) = { 0 ife> e

2 (Spreading). Assume ug(x1,y) to be compactly supported. Then

lim wu(t,x1 + ct,y) =

t——+o0

1 if Cox < € < s
0 if ¢ ¢ [C**7c*]

As in the one dimensional setting, the speed ¢, is the speed of TF which is
selected for rapidly decreasing initial data. The proof in [51] is with PDE
arguments and relies in particular on the Maximum principle while the ap-
proach of Freidlin [31] is probabilistic.

One may always define a function £(¢,y) such that u(¢,&(t,y),y) = 1/2. A

sufficient condition for this is that uy should be nondecreasing in x;. For
all initial data giving rise to the behavior of case 1 above, we have {(t,y) =

24



cit +o(t) ast — oo. It is an open problem to find the next term in the
expansion with a rigorous proof.

A stability result for traveling fronts with speeds higher than critical is also
available here.

Theorem 6.2 (Mallordy-Roquejoffre [51], 1995)
u
Choose ¢ > ¢, and suppose
aﬁl‘l ¢C

u(t, 21,y) — ¢e(w1 +ct) = O(e™)  for some § > 0.

decays exponentially as |x1| — +o00. Then

Note that here too, there is no spatial shift. The assumption at x; = +o00
can be considerably relaxed (see [51]).

6.2 Combustion case

Assume here that f satisfies condition(4.4). Denote by (¢, ¢) the unique
traveling front solution of (4.3) such that ¢(0,yo) = € for some yy € w.

Theorem 6.3 (Roquejoffre [58], 1997). Assume ug(z1,y) — H(z1) to have
compact support. There exists a € IR such that

lu(t, z1,y) — p(x1 + ct + a,y)| = O(e™)
for some 6 > 0, uniformly in (x,y).

Here again, the conditions at 4+o0o0 can be relaxed. The proof relies on two
basic properties.

(i) Exponential stability property :

Theorem 6.4 (Berestycki-Larrouturou-Roquejoffre [14], 1991).
Assume ug(x1,y)—H(x1) to have compact support and to be sufficiently small.
Then there exists a € IR such that

lu(t, 21, y) — p(z1 + ct + a,y)| = O(e™)
for some § > 0, uniformly in (x1,y).
(ii) An asymptotic monotonicity property:

Theorem 6.5 Given a compact subset of 3, the function t — Oy u(t,x1,y)
becomes positive in finite time on K.

In a sense, this can be viewed as the parabolic analogue of some monotonicity
results in [17] for elliptic equations in cylinders.
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6.3 Bistable case

Consider now an f of the bistable type, that is satisfying condition (4.9).
Assume the existence of a traveling front solution of (4.3). As we have seen,
a sufficient condition for this is that w is convex. Uniqueness of the fronts
(¢, ¢) however always hold — without assumption on w. Let ¢ be the unique
front such that ¢(0,yo) = 6.

Theorem 6.6 (Roquejoffre [58], 1997).
Assume:
limsup ug(z1,y) < 6, liminfug(xy,y) > 6

T1——00 Z1—+00

uniformly in y. Then there exists a € IR such that
[u(t, 21,y) — ¢(a1 + et +a,y)| = O(e™™)
for some 6 > 0, uniformly in (z1,y).

The tools are the same as above.

One may also prove spreading results in the cases of bistable or combustion
nonlinearities, extending the one dimensional results. These are of the follow-
ing type: Assume that ug is compactly supported, and that the set {ug > 6}
is large enough. Then the solution u(t,-)) converges exponentially to a pair
of fronts traveling in opposite directions.

7 Pulsating traveling fronts

With the important exception of equations involving transport by a parallel
flow of sections 4 and 5, the notion of traveling front is essentially restricted
to the homogeneous equation (1.1) set in all of space. I shall now describe
a generalization which is relevant for general periodic settings. Indeed, in
order to understand propagation in heterogeneous media, one usually con-
siders either periodic media or random media. I shall not discuss here the
latter. As was already pointed out, many works concerning random media
are reviewed in the paper by J. Xin [74] where one will find references to the
literature on the subject.

The spatially heterogenous character of the problem may be related either
to the geometry or to the equation or to both.
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To start with the geometry, consider again the homogeneous equation but
now set in a domain 2:

u—Au= f(u) in Q (7.1)
with Neumann boundary conditions:

ou
%:O on 0N (7.2)

Such a problem arises for instances when (2 is the whole space with a periodic
array of holes. More precisely, let G be a compact set of IR" with smooth
boundary. Assume that for some Lq,..., L, > 0, the family of translates of
G by vectors (kiLq, ..., k,Ly,) with integers kq, ...k, are pairwise disjoint.

Let:
H=Uy,, ez {G+kiliei+---+ k, Lpe,} (7.3)
((é1, ..., €y,) is the canonical basis of IR™) and define:
O =R"\H

Then, it is easily seen that there are no traveling front solutions (in the sense
of section 1) to equations (7.1)-(7.2). One is thus led to extend this notions.
In this framework, one defines the notion of pulsating traveling front solution
— which I write as PTF solution, for short, in the following.

I first give the definition for a front propagating in the -€; direction.

Definition 7.1 . A PTF solution propagating in the direction —éi is a
solution u(t,x) of (7.1) - (7.2) defined for all time t € IR with the following
properties.

1. u(t,ry,y) -0 as x1 — —o0
u(t,x1,y) =1 as x; — 400
with the limits being uniform with respect to y = (xg, ..., ).

2. u(t,x1, Ta, ..., T,) s Li-periodic in the variables x; fori=2,...,n.

3. There exists T > 0 such that u(t + T, x1,y) = u(t,z1 + Lq,y) for all
te R, (x1,y) €.

L
The ratio ¢ = Tl 1s then called the average speed of the front.
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Travelling fronts are solutions with a profile which is constant and moves at
a given constant velocity. Here, in this more general setting, the profile of
the solution is periodic in time (with period T) and moves with an average
speed which is the same over each period.

The same definition applies to different periodic geometries. Consider for
instance the case when €2 is a cylinder with oscillating boundary.That is,
suppose that €2 is a smooth domain, bounded in directions xs, ..., z,, and:

Q={z=(r1,9) € R", yecw()}

where w(x) is a bounded open set in R~ which is L;-periodic with respect
to the variable x;. In this framework, a PTF solution is a globally defined
solution which satisfies properties 1 and 3 in the above definition.

Going back to the setting of a periodic array of holes (7.3) above, one can
consider more generally a PTF propagating in the direction —e where €' is a
unit vector |e] = 1. Here is the definition:

Definition 7.2 . A PTF solution propagating in the direction -€ in a globally
(in time) defined solution u(t,z) with the following properties:

1. u(t,z) -0 as z-€— —0o0
u(t,x) -1 as z-€— 400
with limits uniform with respect to y = x — (x - €)€.

2. There exists ¢ > 0, called the average speed of the front such that
u(t + L; ﬁ,m) =u(t,x+ L; €), foral i=1,..n.
c

Note that in the case € = €, property 2 in this definition covers both pro-
perties 2 and 3 in the first definition 7.1.

This notion is an extension of that of traveling fronts for in the case of the
homogeneous space 0 = IRY, PTF are traveling fronts. Indeed, consider
a solution w of (7.1), which is, say a PTF in direction -&;. Since in this
case Lo, ..., L, are arbitrary numbers, u is actually independant of x,, ..., x,,.
Furthermore, applying property 3 for all L; > 0 one sees that for all ¢ there
exists y(t) such that:

u(t,z) = u(0,x 4+ y(t) €)
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It is easily seen then that 4(t) is constant. That is, after a shift, u(t,z) =
o(z1 + ct, s, ...x,) for some function ¢ : IR" — IR. Hence u is a classical
traveling front.

To give a definition in a very general setting, one considers a domain €2 which
is periodic with respect to d variables x1, ..., 4 and bounded in the remaining
variables Zgy1,...,2, (1 < d < n). The case of holes corresponds to d = n
and that of an ondulating cylinder to d = 1. The definition 7.2 needs only to
be modified by requiring that property 2 holds for all =1, ..., d and other-
wise applies as such for PTF in such a domain. In the following, a periodic
domain 2 will always refer to this situation.

As said before, spatial heterogeneity also arises from equations which are not
homogeneous. A general class of equations is that of the form:

u — V- (A(z) Vu) + () - Vu = f(z,u) in R" (7.4)

Assume that the matrix A(z) is self adjoint, uniformly elliptic, and that
A(x),q(x) and f(z,u) are functions which are periodic in the variables z1, ..., z,
with respective periods Ly, ..., L,,.

Here again, the notion of traveling front does not apply and is generalized to
that of PTF. Definition 2 applies verbatim to characterize such solutions of
(7.4) propagating in a direction €.

The notion of PTF was actually introduced in this setting by Shigesada
and Kawasaki [62]. With the motivation to understand the effects of spatial
heterogeneity on biological invasions, they considered an equation of the type:

u — (d(z) ug), = f(x,u), x€R

in one space dimension. This model, which is also pertinent to discuss con-
servation of species (see [62]), is the so-colled patch model. It describes the
effects of an environment made of alternating favorable and less favorable
patches. These authors introduced the notion of PTF to identify biologi-
cal invasions in a periodic setting. We refer the reader to [62] and [41] for a
study of this model and to [12] for very recent progress on this type of models.

More generally, one can consider the equation set in a domain 2:

u — V- (A(x) Vu) + @) - Vu) = f(z,u) in Q (7.5)

29



with boundary conditions (7.2). For a general domain €2 as above, periodicity
of A(x),q(x), f(x,u) refers to the variables 1, ..., x4. Again definition 2 ap-
plies as it stands to describe PTF solutions of (7.5) with boundary condition
(7.2) in this general setting.

In the context of PTF solutions, there is a change of variables analogous
to that of traveling fronts described in sections 4 and 5 which has been
introduced by J. Xin [70], see also the papers [69, 71, 72, 73] by J. Xin.
Indeed, define:

u(t,x) = ¢(x - €+ ct,x) (7.6)

and set s = x - €+ ct; ¢ = P(s,x) is defined for s € R and z € Q. Equation
(7.1) is transformed into:

C¢s_¢ss_Ax¢_2Z ¢s,miei:f<x7¢) in Q (77>
i=1

and (7.2) yields
Ve -7+ (7-p,=0 on OQ (7.8)

In contradistinction with traveling fronts where the changes of variables re-
duce the number of variables, here ¢ is again a function of n + 1 variables.
Hence, the problem (7.7) that one obtains is not elliptic but rather dege-
nerate elliptic. In other terms, the parabolic character is preserved under
this change of variables. This degenerate character is the source of new
technical difficulties which are not encountered when dealing with classical
traveling fronts.

For the general equation (7.5) - (7.2), one also easily derives the equation
satisfied by ¢ (see [9]). Since the primary interest in this paper is the problem
of combustion with transport, I will restrict myself to write the equation in
this setting. Starting from the equation:

u — Au+qx)-Vu= fu) in Q (7.9)
one obtains:

{ _As,x ¢ - 22?:1 ¢s @ € T Cf($) ) vx¢ + (C_I' (f(l‘) ' 5) ¢s = f(QS)?
for seR,z€Q

(7.10)
Lastly, PTF solutions propagating in a tube have been observed in some
beautiful experiments by P. Ronney [56].
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Even for shear flows described in Section 4 above, the notion of PTF is
relevant in most cases. Indeed, consider again the equation:

ur — Au~+ a(y) Ou _ f(u) in R" (7.11)
0wy

with y = (29, ..., x,) and « a continuous and periodic function in all variables
on R™!. This equation (7.11) admits TF solutions in direction €, namely
the ones described in Section 4. It also has TF solutions in any direction
¢ orthogonal to ¢€;. Indeed, the advection term then drops out and it is
sufficient to look for planar fronts (see Sections 2, equation 2.3) of the form
u(t,z) = ¢(x - €+ ct) for such a direction. It is simple to see that these two
kinds are the only traveling fronts in this case. Indeed, in [9], we prove that
for any direction € not orthogonal to €}, and such that & # +é, there are
no TF solutions if « is not constant. In such directions however, PTF are
relevant and the existence results of the next section also apply here.

8 Existence of pulsating traveling fronts

The theory of existence of traveling fronts has recently been extended to
PTF solutions in periodic settings in almost full generality for the cases of
combustion or positive nonlinear-reaction terms f. For the sake of simplicity,
I shall assume here that neither f nor the diffusion depend on the variable
x. Since the interest here rests primarily on transport and on geometry, the
equation involves an advection term and is set in a general domain ).

That is, I consider the equation (7.9) above. The results are similar for
more general equations involving nonhomogeneous diffusion and reaction (i.e.
f = f(z,u)). For precise statements, the reader is refereed to [9].

Only but few perturbation results are available in the bistable case. It is
known that there is not always existence (fronts may be “blocked” in this
case). I refer the reader to the works [39, 52, 54, 55, 72] for this case.

8.1 PTF for combustion and KPP nonlinearities

For the remaining cases, as in the homogeneous case, one has to distinguish
between combustion nonlinearities and positive nonlinearities.
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I now state the results for both cases. Throughout this section, it is assumed
that Q@ C R™ is a smooth domain which is periodic in the variables (1, ..., x4)
and bounded in the variables y = (2441, ..., ;). The advection term ¢(x) is
assumed to be periodic with respect to (zy, ..., zq).

The advection vector field ¢(z) is assumed to be C! and satisfies:

—

V.§g=0 in Q (8.1)

qg-v=0 on 0f) (8.2)

/ gi(x)de =0, fori=1,....d, (8.3)
c

where v stands for the unit outward normal on 02 and C is a periodicity cell

of Q.

Theorem 8.1 In the above setting, consider a nonlinear term f(u) of com-
bustion type, i.e. satisfying assumptions (4.4). Then, there exists a unique
solution (c, @) of (7.9 and 7.2), that is, u is unique ip to shifts of time. More-

over, ¢ > 0 and a—? > 0.

This result was first proved by J. Xin [69], [71] in the case Q = IR" by using
an elaborate continuation method. In a general geometry, this is proved in
[9]. There, we also prove the same result for a general equation 7.5 assum-
ing A(x) and f(z,u) to be periodic in (21, ..., z4) under some conditions on

[z, ).
Let me turn next to the positive nonlinearity case.

Theorem 8.2 Consider the same geometric setting as above, and assume
that f is positive in (0,1). Then, there exists a critical speed c* such that:
(i) For all ¢ > c*, there exists a PTF solution of (7.9) and (7.2) with speed ¢

and such that % > 0.
(ii) No PTF solution of (7.9) and (7.2) ezists with speed ¢ < c*.

Moreover, if one assumes that f'(0) > 0, then any solution (c, ¢) of (7.9) and
(7.2) satisfies % >0 forallt € R,z € (.
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This Theorem is established with Frangois Hamel in [9]. The only known
earlier result for this case is due to Hudson and Zinner [41] for a one dimen-
sional problem, with no advection (¢ = 0) and a particular class of functions
f(z,u) periodic in . In [9], we also treat the general equation case (7.5)
with suitable assumptions on f(z,u).

The monotonicity property in time is proved in [9] using a variant of the
sliding method of [17] that is adapted for parabolic equations. The novelty
is that we use translations in time, rather than translations in space. In the
case f'(0) = 0, it is an open problem to know whether any solution of (7.9)
and )7.2) satisfies this property. It should also be empasized that the unique-
ness of solutions (¢, ¢) of (7.9) and (7.2) with ¢ > ¢* is an open question.

In the case of KPP nonlinearities, a formula can further be obtained for the
critical speed c*. This is stated in the next result which is joint work with
F. Hamel and N. Nadirashivili [10].

It relies one again on the linearized equation about v = 0:
u — Au+ q(z)  Vu— f/(0)u=0 (8.4)

Looking for exponential solutions in the direction € now involves solution of
(8.4) of the type:

Mx'éq_d)gp(l‘)
With respect to the previous cases (traveling fronts) ¢ now depends on all

variables. The requirement is that ¢ be periodic with respect to the variables
L1y .eey Xg-.

u(t,z) =e

Thus, one is led to the following “eigenvalue” problem in A and ¢:
—Ap —2\Vp-é+{(x)- Vo
+Ae+ Ag(x)-e— f'(0)]e =M in Q,

o xe-p)p =0 on 09,
o(x) is periodic in  xy,..,zq4 .

(8.5)

Theorem 8.3 [10]. In the above geometrical setting, under assumptions
(8.1) - (8.3) on ¢(x), let f satisfy condition (4.6). Then, the critical speed c*
is characterized in terms of the spectral problem (8.5) by the following prop-
erty:

(i) For c < c*, there is no solution of (8.5) with A >0 and ¢ > 0,
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(ii) For ¢ = c*, there is one and only one “eigenvalue” X > 0 of (8.5) cor-
responding to an eigenfunction ¢ > 0,

(iii) For all ¢ > c*, there are exactly two values of A > 0 for which there is
an eigenfunction ¢ > 0 of (8.5).

Even though problem (8.5) appears to be somewhat intricate, much infor-
mation on the critical speed ¢* can be gathered from this theorem as will be
seen in section 9 below.

Some remarks about (8.5) and this characterization of ¢* are in order. Firstly,
because ¢ is sought as a periodic function, problem (8.5) is a compact prob-
lem. It suffices to consider it on a periodicity cell C of (2.

Next, when there is no transport terms i.e. ¢(x) = 0, and Q = IR" then
the principal eigenfunction ¢ is clearly a constant and 8.5 reduces to equa-
tion (4.8) above. This further holds true when ¢(z) = 0, Q is a cylinder
) = R x w and € = €]. Note, however, that even when ¢(x) = 0, that is, for
the homogeneous reaction-diffusion equation, this is not the case any more
when (2 is not a cylinder with axis in the € direction.

In the particular case of a shear flow ¢(z) = a(y) € with y = (za, ..., x,,
then the exponential solutions take the particular form with separation of
variables:

Aertet) o (y)

Clearly, in this case, problem 8.5 reduces to 4.7 above.

u==c

But in general, one has to analyse the full spectral problem 8.5.

8.2 Asymptotic speed of spreading in periodic media

Gértner and Freidlin [32] have established the asymptotic speed of spreading
for equations with periodic diffusion coefficients in the KPP case. These have
been further extended by Freidlin [29] to equations involving a periodic drift
term (or advection) ¢(x) as above. The results are stated in R".

Theorem 8.4 [32], [29]. Assume that f satisfies condition (4.6) and that
the matriz A(zx) and the field §(x) are L;—periodic in the variable xz; for all
i=1,2,.... N. Assume further that A(z) is bounded from below by col with
co > 0 and that ¢(x) satisfies the assumptions (8.1)—(8.3) above.
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For each unit vector € in RN, let ¢*(€) denote the positive number character-
ized by the eigenvalye problem (8.5) (see Theorem 8.3).

Let ug be a continuous function, 0 < uy < 1,ug Z 1 with compact support.
Let u(t,z) denote the solution of (7.4) with initial datum u(0,z) = ug(z).
Then, for all €,|e] = 1, the following limits hold:

(i) forallv < c*(€):
lim  inf w(t,z) =1
t/+oo |z|<vt
(ii) for allv > c*(€):

lim su u(t,z) =0
t /+o0 |x\2€t ( )

The results in [29], [32] involve a somewhat different formulation than (8.5).
But, arguing as in J. Xin [74], the two formulations can be shown to be
equivalent.

Thus, in a periodic heterogeneous environment, the spreading speed coin-
cides with the critical speed of traveling fronts. In contradistinction with the
homogeneous case, it may vary with the direction €.

The proof of Gértner and Freidlin [32] and Freidlin [29] are probabilistic.
Recently, a new analytical approach to these questions has been proposed by
H. Weinberger [66, 67]. A complete PDE proof of this Theorem is still open.
Note that the articles [29], [32] do not deal with the existence of propagating
fronts but with the spreading property.

Thus, the theory of KPP in the homogeneous case, is fully generalized to
propagation in periodic media.

Some further estimates on the speed of propagation in a more general setting
are given in a forthcoming joint work with F. Hamel and N. Nadirashvili [10].

9 Asymptotics for large advection in periodic
vortical flows

From the point of view of turbulent combustion, it is important to under-
stand the effect of vortices in the flow on the propagation of fronts. (See
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e.g. [21, 75]). With this aim, I now consider a flow with a periodic array of
vortical cells and examine the influence of large amplitude on the speed of
propagation of PTF.

The discussion here is restricted to dimension N = 2. Since the flow is
divergence free, we may assume that there is a function ) = ¢ (x1, x2) such
that:

X _ %
81'27 = 8%1

For simplicity, let us consider a strip:

q1 =

Y =R x(—h,h)

It is assumed that ¢ is periodic in x;. We shall be looking at PTF propa-
gating in the direction x.

As we have seen in the previous section, if f is of combustion type, for all
A > 0, there exists a unique speed c¢(A) and a unique PTF solution of the
equation:

1
%(t,x) =0 on 0. (9:1)

If f is of the KPP type, then there is a minimal speed ¢*(A) for the PTF
solutions of (9.1). The question here is to determine the behavior of ¢(A) or
c*(A) for large A.

{ut—Au—i-Aqf(x)-ﬁu = f(u) in X,

As a model for flame propagation, it is customary to take f(u) of the form:

u—1

flw) =~ o)

with [°_¢(s) ds < oo, ¢ > 0. Then, taking the limit as ¢ — 0 (“high
activation energy asymptotics”), one derives a free boundary problem for w.
Such a limiting procedure is carried out for the shear flow case in [7] but is
still only formal in the case of more general flows. At any rate, for small
€ > 0, at least formally, the “flame thickness” becomes small.

€

In joint work with B. Audoly and Y. Pomeau [3], we have considered this
case, assuming the flame thickness to be much smaller than the typical length
scales of the flow. Using formal arguments, relying in particular on a fine
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analysis of the scales of the problem, we derive the following.

Proposition 9.1 (B. Audoly, H. Berestycki, Y. Pomeau [3], 2000) In the
above setting, when A — oo, the unique speed c(A) of PTF has the behavior

c(A) ~ cgAY4 (9.2)

for some constant ¢y > 0.

The analysis in [3] relies on examining separately the issues of propagation
in each vorticity cell — where u is approximately constant on level sets of v
— and the transition from one cell to the next one.

It is still an open problem to establish formula 9.2 in a rigorous way. Very
recently, A. Kiselev and L. Ryzhik have established a lower bound.

Theorem 9.1 (A. Kiselev, L. Ryzhik [45], 2002). The speed c(A) in the
combustion case, or the critical speed c¢*(A) in the KPP case satisfy the lower
bound:

c(A) >y AYP as A— oo (9.3)

for some constant C7 > 0

The proof of (9.3) is actually carried on the evolution equation (9.1 directly).
The goal is to determine the “bulk burning rate”.

1 T h 1 +o0
V(t)zf/o dt /_h deg /_oo w(t, x) day

When v is a PTF, this rate converges to its average speed. Constantin, Kise-
lev, Oberman and Ryzhik carry the proofs in [22], [23] of 9.3 by developing
some deep estimates on the evolution equation 9.1.

It is an open problem to determine rigorously the exact behavior of ¢(A) and
c*(A) as A — 0.

Related results have been obtained by Avellaneda and Majda [4], [5], [6]
and Majda and McLaughlin [48], for turbulent advection-diffusion equations
(with no reaction) with statistical velocity fields involving different spatial
and temporal scales. They established bounds for the effective diffusivities
of the renormalized equations at large spatio-temporal scales. The influence
of advection on the effective diffusivity for advection-diffusion equations was
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alos dealt with by Fannjiang and Papanicolaou [25].

Other limits, related to homogenization with various scales for reaction- dif-
fusion equations with advection, were considered by Majda and Souganidis
[49], [50]. They also obtained some results on the asymptotic speed of propa-
gation for the solutions of the Cauchy problem with very small diffusion and
large reaction. Many interesting results regarding homogenization are also
to be found in the works of Heinze [37], He3.

10 Estimates on the speed of propagation

To conclude this survey, I indicate three results which are taken from joint
work with F. Hamel and N. Nadirashvili [11] and which are consequences
of Theorem 8.3. They concern comparison results with the critical speed of
planar fronts. Several more estimates can be found in [11].

It is assumed here that f is of the KPP type. To start with, consider the
homogeneous equation (7.1) in a periodic domain §2.

Theorem 10.1 [11] Let € denote an arbitrary direction. The minimal speed
c* of pulsating fronts in direction —é for the homogeneous equation (7.1)
in a periodic domain ), is never larger than the minimal speed of planar

fronts 2,/ f(0). Equality holds if and only if the domain Q) is invariant in

the direction €.
Next, here is a property related to advection.

Theorem 10.2 [11] Assume conditions (8.1)-8.3) on the field G. In a straight
infinite cylinder, 2 = IR X w, or in the whole space €2 = IR"™, the minimal
speed of pulsating fronts in the direction x1 for the equation

u — Au+ q(z) - Vu = f(u),

is never smaller than the minimal speed with ¢ = 0, namely 2,/ f'(0). Equality
holds if and only if ¢ = 0.

Hence, it is seen that while perforations slow down the asymptotic spreading,
any stirring has the opposite effect of speeding it up.

Lastly, Section 5 dealt with the case of advection by a large shear flow, say
in a straight infinite cylinder. It was proved in particular that the minimal

38



speed of traveling fronts behaves like the amplitude of the shear flow for
large flow. One can ask whether this property holds for any periodic flow for
the more general equation (7.9) (with A ¢(z)) in the periodic setting. The
answer is the following :

Theorem 10.3 [11] The minimal speed c*(A) of the pulsating travelling
fronts in the direction —¢€ is such that
lj}gggc (A)JA>0

if and only there exists a nonzero periodic function w, in H. (), such that
7+ Vw =0 almost everywhere, and [-(7- €)w? < 0.

A particular consequence of this result concerns the case of a velocity field ¢
considered in the previous section:

o o

g1 = _37302’ q2 = 37:101

Assume, say, that ¢(x1,z2) = cos(x1) cos(xz), then it follows from the last
theorem that
c"(A) =0(A) as A— 4.
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